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Foreword 



The main definitions and properties of Lie superalgebras are proposed a la fagon de a 
sliort dictionary, tlie different items following the alphabetical order. The main topics deal 
with the structure of simple Lie superalgebras and their finite dimensional representations; 
rather naturally, a few pages are devoted to supersymmetry. 

This modest booklet has two ambitious goals: to be elementary and easy to use. The 
beginner is supposed to find out here the main concepts on superalgebras, while a more 
experimented theorist should recognize the necessary tools and informations for a specific 
use. 

It has not been our intention to provide an exhaustive set of references but, in the 
quoted papers, the reader must get the proofs and developments of the items which are 
presented hereafter, as well as a more detailed bibliography. 

Actually, this work can be considered as the continuation of a first section, entitled 
"Lie algebras for physicists" written fifteen years ago (see ref. [0)- The success of this 
publication as well as the encouragements of many of our collegues convinced us to repeat 
the same exercise for superalgebras. During the preparation of the following pages, it has 
appeared to us necessary to update the Lie algebra part. In this respect we are writing 
a new version of this first section, by adding or developing some properties which are of 
some interest these recent years in the domains of theoretical physics where continuous 
symmetries are intensively used (elementary particle physics, integrable systems, statis- 
tical mechanics, e.g.). Finally, a third section is in preparation and deals with infinite 
dimensional symmetries - Kac-Moody algebras and superalgebras, two-dimensional con- 
formal symmetry and its extensions. When completed, we have in mind to gather the 
three parts in an unique volume. However, we have preferred to display right now the 
second part on superalgebras since we do not see any reason to keep in a drawer this 
document which might be of some help for physicists. Moreover, we hope to receive from 
the interested readers suggestions and corrections for a better final version. 
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Main Notations 



[ . , . ] commutator 

{ . , . } anticommutator 

I . , . ] super or Z2-graded commutator (Lie superbracket) 

(...) inner product, Killing form 

N, Z, M, C, H sets of positive integers, of integers, of real numbers, 

of complex numbers, of quaternions 

K commutative field of characteristic zero 

A, Aq, Aj (super) algebra, even/odd part of a superalgebra 

B Borel subalgebra 

G, Go, Gj Lie superalgebra, even/odd part of a Lie superalgebra 

Cartan subalgebra 

J\f nilpotent subalgebra 

V module, representation space 

A{m, n) ~ sl{m + l\n + 1) unitary basic superalgebras 

B{m,n) ~ osp(2m + l\2n) orthosymplectic basic superalgebras 
C(n + 1) ~osj9(2|2n) 
L'(m,n) ~ osp(2m|2n) 

0, 1 Z2-gradation of a superalgebra 

Aut automorphism group 

Der derivation algebra 

Int inner automorphism group 

Out set of outer automorphisms 

A, Aq, Aj root system, even root system, odd root system 

A+, Ag^ , A^ positive roots, positive even roots, positive odd roots 

A° simple root system 



1 Automorphisms 



Let Q = Qq (B Gj he a simple Lie superalgebra. An automorphism $ of ^ is a bijective 
homomorphism from Q into itself which respects the Z2-gradation, that is ^{Qq) C Qq 
and C The automorphisms of Q form a group denoted by Aut(^). The group 

Int(^) of inner automorphisms of Q is the group generated by the automorphisms of the 
form X \—>- gXg~^ with g = exp Y where X & Q and Y G Qq. Every inner automorphism 
of can be extended to an inner automorphism of Q. The automorphisms of Q which 
are not inner are called outer automorphisms. 

In the case of a simple Lie algebra A, the quotient of the automorphism group by the 
inner automorphism group Aut(^)/Int(^) - called the factor group F{A) - is isomorphic 
to the group of symmetries of the Dynkin diagram of A. 

In the same way, the outer automorphisms of a basic Lie superalgebra Q can also 
be connected with some Dynkin diagram (— of It is possible to write Out(^) = 
Aut(^)/Int(^), where Int(^) ~ Qq, and Out(^) can be reconstructed in general by looking 
at the symmetries of the Dynkin diagrams of Q. More precisely, when Out(^) is not trivial, 
there exists at least one Dynkin diagram of Q which exhibits a symmetry associated to 
Out(^) - except in the case of s/(2m + l|2n+ 1). The table | lists the outer automorphisms 
of the basic Lie super algebras. For more details, see ref. P5|. 



superalgebra Q 


Out(6?) 


superalgebra Q 


Out(^?) 


A{m, n) {m ^ n ^ 0) 


Z2 


Dim, n) 


Z2 


A(l,l) 


Z2 


D(2,l;-2) 


Z2 


A(0,2n- 1) 


Z2 


D(2,l;-l/2) 


Z2 


A{n,n) {n ^ 0, 1) 


Z2 X Z2 


D(2,l; 6^^-/3) 


Z3 


A{0, 2n) 


Z4 


D(2,l;e4*"/3) 


Z3 


i?(m, n) 


I 


D{2, 1; a) for generic a 


I 


C{n + 1) 


Z2 


F(4),G(3) 


I 



Table I: Outer automorphisms of the basic Lie superalgebras. 
Dynkin diagram. Roots, Weyl group. 

2 Cartan matrices 



Let ^ be a basic Lie superalgebra with Cartan subalgebra Ti. To a simple root system 
= (ai, . . . , a^) of it is always possible to associate a matrix A = (aij), called the 



1 



Cartan matrix, with the following conditions: 



Hi, Hj 
Hi, E± 



0, 



E E 



±aijE±c 



the set {Hi, . . . , Hy) generating the Cartan subalgebra Ti. 

For all basic Lie superalgebras, there exists a non-degenerate inner product ( • , • ) such 
that 



{Eai ; E_(y^. ) i.Eaj ; -^ — ajj^ij 
{Hi,Hj) = (Eaj, E_aj)0'ij 



except for A{n,n) 



Notice that this inner product coincides with the Killing form ( 
D{n + 1, n) and D{2, 1; a) for which the Killing form vanishes. 

A non-degenerate bilinear form on Ti* Simple root systems) is then defined by 
{ai,aj) = {Hi,Hj), where ai,aj are simple roots, such a form being invariant under 
the Weyl group of Q, generated by the reflections of the even roots. 

Definition : For each basic Lie superalgebra, there exists a simple root system for 
which the number of odd roots is the smallest one. Such a simple root system is called 
the distinguished simple root system (— >). The associated Cartan matrix is called the 
distinguished Cartan matrix. 

The distinguished Cartan matrices can be found in Tables § to 12. 



One can also use symmetric Cartan matrices. A symmetric Cartan matrix = 
•) can be obtained by rescaling the Cartan generators Hi H- = Hi/ {E^., E^aJ- 



The commutation relations then become 



H'i, E±c 



±a[,E±a^ and 



[Eon, E_ai)H[5ij, from which it follows that a^^ = {H[,H'-). 
If one defines the matrix Dij = diSij where the rational coefficients di satisfy dia. 
the (distinguished) symmetric Cartan matrix is given by = DA. One has: 



ij djCLji, 



di 
di 
di 
di 
di 




1) for A{m, n), 
-1/2) for B{m,n) 



:i,...^ 1,1/2) for 5(0, n) 

n-1 



1,-1,..., -1,-2) for C(n+ 1), 
-1, . . . , — 1) for D{m, n). 



n-1 



2 



— > Killing form, Simple root systems. 

3 Cartan subalgebras 

Let G — Q-Q^Qihe a, classical Lie superalgebra. A Cartan subalgebra HoiQ is defined 
as the maximal nilpotent (— >) subalgebra of Q coinciding with its own normalizer, that is 



In most cases (for basic Lie superalgebras e.g.), a Cartan subalgebra H reduces to the 
Cartan subalgebra of the even part Qq (then the Cartan subalgebras of a Lie superalgebra 
are conjugate since the Cartan subalgebras of a Lie algebra are conjugate and any inner 
automorphism of the even part can be extended to an inner automorphism of ^). 

In the case of the strange superalgebra Q{n), the Cartan subalgebra Ti docs not 
coincide with the Cartan subalgebra of the even part sl{n), but admits also an odd part: 
H n 7^ 0. Since the odd generators of Ti. change the gradation of the generators on 
which they act, it is rather convenient to give the root decomposition oiQ{n) with respect 
to Hq = HnQ-Q instead of 7i. 

Prom what precedes, all Cartan subalgebras of a classical superalgebra G have the 
same dimension. By definition, the dimension of a Cartan subalgebra H is the rank of Q: 



The Cartan type Lie superalgebras are superalgebras in which the representation of 
the even subalgebra on the odd part is not completely reducible (— Classification of 
simple Lie algebras). The Cartan type simple Lie superalgebras are classified into four 



Cartan type Lie superalgebras. Strictly speaking, W{2), S{3) and H{4) are not Cartan 
type superalgebras since they are isomorphic to classical ones (see below). 

4.1 Cartan type superalgebras W{n) 

Consider r(n) the Grassmann algebra (^) of order n with generators 6i,...,6n and 
relations 9i9j — —OjOi. The Z2-gradation is induced by setting deg^j = 1. Let W{n) 




rank^ = dim?i 



4 Cartan type superalgebras 



infinite families called W(n) with n > 2, S{n) with n > 3, S{n) and H{n) with n > 4. 
S{n) and S{n) arc called special Cartan type Lie superalgebras and H{n) Hamiltonian 
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be the derivation superalgebra of r(n): W{n) — Derr(n). Any derivation D e W{n) is 
written as 

n Q 

1=1 ' 

where Pj e r(n) and the action of the 6'-derivative is defined by 

9ft " 

The Z2-gradation of r(n) induces a consistent Z-gradation of W{n) (— Z-graded super- 
algebras) by 

W{n)k^{Y,P^7^, ^ier(n), degPi = A; + l} where -l<k<n-l 
i=i f^Oi J 

One has ^ 

W{n) = 

k=-l 

where 

The superalgebra has the following properties: 

• W{n) has dimension n2^, the number of even generators being equal to the number 
of odd generators. 

• The superalgebra W{n) is simple for n >2. 

• The semi-simple part of W{n)o is isomorphic to gl{n). 

• The superalgebra W{2) is isomorphic to ^4(1, 0). 

• Every automorphism of W{n) with n > 3 is induced by an automorphism of r(n). 

• The superalgebra W{n) is transitive (— >• Z-graded superalgebras) . 

• W{n) is universal as a Z-graded Lie superalgebra. More precisely, if ^ = ®i>-iQi is 
a transitive Z-graded superalgebra with dim = n, then there is an embedding 
of Q in W{n) preserving the Z-gradation. 

• The representations of sl{n) in the subspacc W{n)i (i = —1, 0, ... n — 1) arc in Young 
tableaux notation [2*+il"^2-ij jpj -^j-^qj^-q ^Yiq second representation appears only 
for i > and has to be read as the singlet. For example we have (the subscripts 
stand for the Z-gradation indices i): 
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iorW{3) (3)_ie(8el)oe(6e3)i©(3)2 

for (4) (4)_i © (15 © l)o © (20 © 4)i © (TO © 6)2 © (4)3 

for W{5) (5)_i © (24 © l)o © (45 © 5)i © (40 © 10)2 © (T5 © 10)3 © (5)4 

4.2 Cartan type superalgebras S{n) and S{n) 

The Cartan type Lie superalgebras S{ri) and S{ri), called special Lie superalgebras, are 
constructed as follows. Consider ©(n) the associative superalgebra over r(n) with gen- 
erators denoted by ^^1, . . . , ^9n and relations A — —^Oj A ^9i. A Z2-gradation is 
induced by setting deg^^j = 1. Any element of Q{ri) is written as 



E 



ii<...<ifc 



where ai^,„i^ eT{n). 

One defines then the volume form superalgebra S{u!) as a PF(n) subsuperalgebra by 



S{uj) = {De W{n) 



where u = 0(6*1, • • • , ^n) C^i A . . . A and a e r(n)Q, a(0) 7^ 0. 
Any element of S{ijj) has the form 



n Q 
1=1 



with 



One sets also 

,S(n) = 5(0; = A . . . A = {d e iy(n) | A ... A ^On) = o} 

and 



^(n) = S(uj = {l + 9i...en) ^9iA...A^9r, 

= e VF(n) I d((1 + ^i...^„) A... A^^„) =0} where n is even 

Elements of S{n) are thus divergenceless derivations of W{n): 



1=1 * 1=1 * 



The Lie superalgebras S{n) and S{n) have the following properties: 

• S{n) and >S'(n) have dimension (n — 1)2" + 1, the number of even generators being 
less (resp. greater) by 1 than the number of odd generators for n even (resp. odd). 
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The superalgebra S{ri) is simple for n > 3 and S{n) is simple for n > 4. 
The semi-simple part of S{n)o and S{n)o is isomorphic to sl{n). 
The superalgebra S{3) is isomorphic to -P(3). 

the Z-graded Lie superalgebra S{n) is transitive {—>■ Z-graded superalgebras) . 

Every automorphism of S{n) with n > 3 and S{n) with n > 4 is induced by an 
automorphism of r(n). 

Every superalgebra S{u!) is isomorphic either to S{n) or S{n). 

The representation of sl{n) in the subspace S{n)i {i = —1, 0, .., n — 2) is in Young 
tableaux notation [2«+il"-2-«]. Por example we have (the subscripts stand for the 
Z-gradation indices i): 

for S(A) (4)_i © (15)o © (20)i © (T0)2 

for S{5) (5)_i © (24)o © (45)i © (40)2 ® (15)3 



for S(6) (6)_i © (35)o © (84)i © (105)2 ® (70)3 ® (21)4 
4.3 Cartan type superalgebras H{n) 

The Cartan type Lie superalgebras H{n) and H{n), called Hamiltonian Lie superalgebras, 
are constructed as follows. Consider f2(n) the associative superalgebra over r(?T,) with 
generators denoted by d9i, . . . , dOn and relations dOi o dOj = dOj o d9i. The Z2-gradation 
is induced by setting degdOi = 0. Any element of fl{n) is written as 

h<...<ik 

where ai^.i^ G r(n). 

Among them are the Hamiltonian forms defined by 

n 

cu = ^ ttij dOi o dOj 

where aij G r(n), aij = aji and dct(ajj(0)) 7^ 0. One defines then for each Hamiltonian 
form uj the Hamiltonian form superalgebra H{u!) as a W{n) subsuperalgebra by 

H(u;) = {d e W{n) | D(u;) = o} 

and 
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Any element of H{lj) has the form 



One sets also 



E^.^ with ^Ea.P. + -Ea,P.^O 



H{n) = H({de,y + ... + {de^^ 



Hin) 



H{n)M{n] 



The Lie superalgebra H{n) has the following properties: 

• H{n) has dimension 2" — 2, the number of even generators being equal (resp. less 
by 2) to (than) the number of odd generators for n odd (resp. even). 

• The superalgebra H{n) is simple for n > 4. 

• The semi-simple part of H{n)o is isomorphic to so{n). 

• The superalgebra H{A) is isomorphic to A{1, 1). 

• The Z-graded Lie superalgebras H{n) and H{n) are transitive (^ Z-graded super- 
algebras) . 

• Every automorphism of H{n) with n > 4 and of H{n) with n > 3 is induced by an 
automorphism of T{n). 

• The representation of so{n) in the subspace H{n)i {i = —1,0, ..,n — 3) is given by 
the antisymmetric tensor of rank i + 2. For example we have (the subscripts stand 
for the Z-gradation indices i): 

for H{A) (4)_i © (6)o © (4)i 

fori7(5) (5)_i©(10)o©(10)i©(5)2 

for if(lO) (10)_i©(45)o©(120)i© (210)2© (252)3©(210)4©(120)5©(45)6©(10)7 



For more details, see ref. |]21 . 



5 Casimir invariants 

The study of Casimir invariants plays a great role in the representation theory of sim- 
ple Lie algebras since their eigenvalues on a finite dimensional highest weight irrreducible 
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representation completely characterize this representation. In the case of Lie superalge- 
bras, the situation is different. In fact, the eigenvalues of the Casimir invariants do not 
always characterize the finite dimensional highest weight irrreducible representations of 
a Lie superalgebra. More precisely, their eigenvalues on a typical representation com- 
pletely characterize this representation while they are identically vanishing on an atypical 
representation (— > Representations: typicality and atypicality ) . 

Definition : Let Q = © ^- be a classical Lie superalgebra and V{{Q) its universal 
enveloping superalgebra (^). An element C G such that |C, X] = for all X G 

V({Q) is called a Casimir element of Q (| , ] denotes the Z2-graded commutator). The 
algebra of the Casimir elements of Q is the Z2-center of U{Q), denoted hj Z{Q). It is a 
(Z2-graded) subalgebra oiU{Q). 

Standard sequences of Casimir elements of the basic Lie superalgebras can be con- 
structed as follows. Let Q = sl{m\n) with m ^ n or osp{m\n) be a basic Lie superalgebra 
with non-degenerate bilinear form. Let {Ejj} be a matrix basis of generators of Q where 
I, J = 1, . . . jm + n with deg / = Oforl</<m and deg / = lform+l</<m-|-n. 
Then defining {E^)ij = du and {Ep+^)ij = {-l)'^"^^ Eik{Ep)kj, a standard sequence of 
Casimir operators is given by 

C, = str(^^) = {-lf^^\Enn = EnA'^r''^ ■ ■ ■ ■ • • 

Consider the (m-|-n)^ elementary matrices e/j of order m+n satisfying {eijjxL — ^il^jk- 
In the case of sl{m\n) with m ^ n, a basis {Ejj} is given by the matrices E^j — Cij — 
^SijElZTeqq, Eki = eki - ^SkiElZZVl eqq and Y = :^{nElZT eqq + m Eg=mti CgJ, 
for the even part and Ei^ — Cik, E^j — Ckj for the odd part, where 1 < i,j < m and 
m + l<k,l<m + n. One finds for example 

Ci = 

C2 = EijEji — EkiEik + EkiEik — EikEki Y 

mn 

In the case of osp(m I n), a basis {Ejj} is given Ejj = GjKeKj+{—^Y^^'^'^^^''''^~^^'^^'^^GjKeKi 
where the matrix Gjj is defined in " Orthosymplectic superalgebras" {—>■). One finds for 
example 

Ci = 

C2 = EijEji — EkiEik + EkiEik — EikEki 
where 1 < i, j < m and m+l<k,l<m + n. 
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One has to stress that unhke the algebraic case, the center 2{Q) for the classical Lie 
superalgebras is in general not finitely generated. More precisely, the only classical Lie 
superalgebras for which the center is finitely generated are osp{l\2n). In that case, 

2{Q) is generated by n Casimirs invariants of degree 2,4,..., 2n. 

Example 1: Consider the superalgebra s/(l|2) with generators H, Z, E'^, , F^, F~ , 
F~^,F~ Superalgebra s/(l|2)). Then one can prove that a generating system of the 
center Z{Q) is given by, for p G N and H± = H ± Z: 

Cp+2 = H+H_ZP + E-E+{Z - \Y + F-F+(h+Zp - {H+ + 1){Z + \Y) 

+F~F^({H_ + 1){Z - \Y - H_ZP) + {E-F+F+ + F-F-E+)(zp - {Z - \Y) 
+F-F-F+F^({Z + \Y + iZ - lY - 2^^) 

In that case, the Casimir elements Cp satisfy the polynomial relations CpCq = C^Cs for 
p + q = r + s where p, q,r,s > 2. 

Example 2: Consider the superalgebra osp{l\2) with generators H, E^,E~, F'^,F~ 
{—>■ Superalgebra osp(l|2)). In that case, the center is finitely generated by 

C2 = + \{E~E+ + E+E~) - {F+F- - F'F+) 

Moreover, there exists in the universal enveloping superalgebra U of osp{l\2) an even 
operator 5* which is a square root of the Casimir operator C2 such that it commutes with 
the even generators and anticommutes with the odd ones, given by 

S = 2{F+F- - F-F+) + \ 

More precisely, it satisfies S'^ = C2 + jq- 

Such an operator exists for any superalgebra of the type osp{l\2n) [|l|. 

Harish-Chandra homomorphism: 
Consider a Borel decomposition Q = Af^ © H © A/"^ of Q Simple root systems) where 
His a. Cartan subalgebra of Q and set p = Po — pi where po is the half-sum of positive even 
roots and pi the half-sum of positive odd roots. The universal enveloping superalgebra 
U{Q) can be decomposed as follows: 

UiG) = U{H) © {U'U{g) + U{G)M^) 

Then any element of the center Z{Q) can be written &s z = zq + z' where zq G W(7i) and 
z' G Af-U{g) +U{g)J\f+. Let S{n) C U{n) be the symmetric algebra over H. Consider 
the projection h : — > SiH), z zq and 7 the automorphism of S{H) such that for 
all H en and A G H*, 7(i^(A)) = H{\ - p). The mapping 

h = -foh: Z{g)^S{H), z^-i{zo) 
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is called the Harisli-Chandra homomorphism . 

Property: Let SiTi)'^ be the subset of elements of SiTi) invariant under the Weyl 
group of Q (^). Then the image of Z{Q) by the Harish-Chandra homomorphism is a 
subset of SiU)^. 

Example: Consider the Casimir elements Cp of s/(l|2) given above. In the fermionic 
basis of s/(l|2) (— Simple root systems), the positive (resp. negative) root generators 
are E~^,F~^,F~^ (resp. E~ , F~ , F~~) and p = 0. It follows that the image of Cp by the 
Harish-Chandra homomorphism is given by 

h{Cp+2) = H+H_ZP = 2-PH+H4H+ - H_Y 

which is obviously invariant under the action of the Weyl group if+ ^ — 
For more details, see refs. |3^ . 



6 Centralizer, Center, Normalizer of a Lie superalgebra 

The definitions of the centralizer, the center, the normalizer of a Lie superalgebra 
follow those of a Lie algebra. 

Definition : Let ^ be a Lie superalgebra and S a subset of elements in Q. 
- The centralizer Cg{S) is the subset of Q given by 



Cg{S) = [xeg 



0, \/Y eS] 



- The center 2^(^) of ^ is the set of elements of Q which commute with any element of Q 
(in other words, it is the centralizer of Q in ^): 



0, vr G ^} 



z{g) = {xeg 

- The normalizer Mgi^S) is the subset of Q given by 

Ug{S) = [x e g \ [x,y\ e S, 'i Y e s] 
7 Characters and supercharacters 

Let ^ be a basic Lie superalgebra with Cartan subalgebra Ti. Consider V(A) a highest 
weight representation (— *>) of g with highest weight A, the weight decomposition of V 
with respect to 7i is 

V(A) = Va where Vx = [veV\ h{v) = X{h)v, h e h} 
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Let be the formal exponential, function on Ti* (dual of Ti) such that e'^(/i) = (5a,/x for 
two elements A,yU G 7i*, which satisfies e^e^ = e'^^^. 
The character and supercharacter of V(A) are defined by 

chV(A) = ^(dimVA)e^ 

A 

schV(A) = ^(-l)'i^s\dimVA)e^ 

A 

Let W{Q) be the Weyl group (— >) of Q, A the root system of Q, Ai the set of positive 
even roots, Aj the set of positive odd roots, A^ the subset of roots a G Ai such that 
a/2 ^ A±. We set for an element w G W{g), e{w) = (-l)'^('") and e'{w) = where 
i{w) is the number of reflections in the expression of w G W{Q) and i'{w) is the number 
of reflections with respect to the roots of aJ in the expression of w G W{Q). We denote 
by po and pi the half-sums of positive even roots and positive odd roots, and p = po — Pi- 
The characters and supercharacters of the typical finite dimensional representations V(A) 
{—>■) of the basic Lie superalgebras are given by 



chV(A) =L-^^e( 



w e 



w{A+p) 



schV(A) =L'-i^e'(w;)e 



w{A+p) 



where 



°- and L' °- 



1 1 
In the case of the superalgebra -8(0, n) all the representations are typical. One finds 
then explicitly 

E„,£(w)e'"(^+'') 



chV(A) = 
schV(A) 



E^og'(w)e"'(^+^) 



In the case of the superalgebra A{m,n), the character of the typical representation 
V(A) is given by 

/ 



chV(A) = ■^'^e{w)w 



e 



A+Po -Q (1 + e-/^ 



V /3GA- 

and the character of the singly atypical representation by (see ref. P9[] ) 



1 / 

ch V(A) = — ^ £:(w)w e 

-^0 w 



A+Po -Q (l + e-'^ 



\ /3GA+ (A+p|/3>^0 
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where Lq is defined as 

aeA± 



In the case of the superalgebra C{n + 1), the highest weight irreducible representations 
are either typical or singly atypical. It follows that the character formulae of the typical 
and atypical representations of C{n + 1) are the same as for A{m,n) above (with the 
symbols being those of C(n + 1)). 

— i> Representations: highest weight, induced modules, typical and atypical. 



For more details, see refs. HS 



8 Classical Lie superalgebras 

Definition : A simple Lie superalgebra Q = GqQ)G- is called classical if the representa- 
tion of the even subalgebra on the odd part Q- is completely reducible. 

Theorem : A simple Lie superalgebra Q is classical if and only if its even part Qq is a 
reductive Lie algebra. 

Let Q = Qq Q) Gj he a classical Lie superalgebra. Then the representation of Qq on Q- 
is either (i) irreducible or (ii) the direct sum of two irreducible representations of Qq. In 
that case, one has (see below) 

Gj = G-i © Gi 

with 

{G-1, Gi} = Go and {Gu Gi} = {G-i, G-i} = 

In the case {i), the superalgebra is said of the type I and in the case (ii) of the type II. 

Theorem : Let G = Gq ® Gj he a. classical Lie superalgebra. Then there exists a 
consistent Z-gradation G = ®i& Gi of G (called the distinguished Z-gradation) such that 

- for the superalgebras of type I, = for |«| > 1 and Gq = Go, Gj = G-i © Gi- 

- for the superalgebras of type II, Gi = for \i\ > 2 and Gq = G-2®Go®G2, Gj = G-i(BGi- 

Definition : A classical Lie superalgebra G is called basic if there exists a non-degenerate 
invariant bilinear form on ^ (— Killing form). The classical Lie superalgebras which are 
not basic are called strange. 

The Table fT| resumes the classification and the Table ^ gives the Gq and Gj structure 
of the classical Lie superalgebras. 

— i> Exceptional Lie superalgebras, Orthosymplectic superalgebras. Strange superalge- 
bras. Unitary superalgebras. 
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type I 


type II 


BASIC 

(non-degenerate 
Killing form) 


A{m, n) m > n >0 

C{n + 1) n>\ 

m 

G(3) 


B{m, n) m > 0, n > 1 

X ] m > 2.n > 1 
D{m,n) < / ' , 1 


BASIC 
(zero Killing form) 


A{n^ n) n> 1 


D(n + l,n) n>l 
0(2,1; a) aeC\{0,-l} 


STRANGE 


P{n) n>2 


Q{n) n>2 



Table II: Classical Lie super algebras. 



superalgebra Q 






A{m, n) 


A„i © Afi © f/(l) 


(m, n) © (m, n) 


A{n, n) 


An © Aji 


[n, n) © (n, n) 


C{n + 1) 


Cn © U{1) 


(2n) © (2n) 


B{m, n) 


Bjn ffi Cji 


(2m + 1, 2n) 


D^m, n) 


Dm © Cfi 


(2m, 2n) 


m 


Ai®B^ 


(2,8) 


G{3) 


Ai ©G2 


(2,7) 


^(2,1;«) 


Ai®Ai® Ai 


(2,2,2) 


P{n) 




[2] © [l"-i] 


Q{n) 




ad (A„) 



Table III: structure of the classical Lie superalgebras. 
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9 Classification of simple Lie superalgebras 



Among Lie superalgebras appearing in the classification of simple Lie superalgebras, 
one distinguishes two general families: the classical Lie superalgebras in which the repre- 
sentation of the even subalgebra on the odd part is completely reducible and the Cartan 
type superalgebras in which such a property is no more valid. Among the classical super- 
algebras (— >), one naturally separates the basic series from the strange ones. 

The basic (or contragredient) Lie superalgebras split into four infinite families denoted 
by y4(m, n) or sl{m + l\n + 1) for m ^ n and A(n^ n) or slin + l\n + 1)/Z where ^ is a 
one-dimensional center for m = n (unitary series), B{m,n) or osp{2m + l|2n), C{n) or 
osp(2|2n), D{m,n) or osp{2m\2n) (orthosymplectic series) and three exceptional super- 
algebras F{A), G{3) and D{2, 1; a), the last one being actually a one-parameter family of 
superalgebras. Two infinite families denoted by P{n) and Q{n) constitute the strange (or 
non-contragredient) superalgebras. 



The Cartan type superalgebras (— >) are classified into four infinite families, W{n), 
S{n), S{n) and H{n). 



The following scheme resumes this classification: 





Cartan type 
superalgebras 



W{n),S{n),S{n),H{n) 



Basic Lie 
superalgebras 



Strange 
superalgebras 



A{m, n), B{m, n) 
C{n+ l),D{m,n) 
F(4),G(3),Z}(2,1;«) 



P(n),Q(n) 



Cartan type superalgebras. Classical Lie superalgebras. 



For more details, see refs. [p^, E3, ^^ . 



10 Clifford algebras 



Let {7j} (z = 1, . . . , n) be a set of square matrices such that 
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where I is the unit matrix. The algebra spanned by the n matrices 7^ is called the Clifford 
algebra. These relations can be satisfied by matrices of order 2^ when n — 2poicn — 2p+l. 

Consider the 2x2 Pauli matrices di, (72, (J3: 



Then the matrices 7^ can be expressed in terms of a p-fold tensor product of the Pauli 
matrices. 

Property: There exists a representation such that 

i) if n is even, the matrices 7^ are hermitian, half of them being symmetric, half of them 
being antisymmetric. 

ii) if n is odd, the matrices 7^ with i = 1, . . . ,2p are hermitian, half of them being 
symmetric, half of them being antisymmetric and the matrix 72p+i is diagonal. 

In this representation, the matrices 7 can be written as (i = 1, . . . ,p — 1) 



Definition : The matrix C — nf=i 72i-i for n — 2p and C = nf=i 72i-i for n = 2p + 1 
is called the charge conjugation matrix. 

Property: The charge conjugation matrix satisfies 





= a['^ . . . ® a'f-'^ (8) 4^-'+') (g) ® . . . (8) 

72p = ® 1(2) ^ . . . ^ jiP) 

72P+1 = (g) 1(2) (g) . . . (g) 



One can check that with this representation, one has {i — 1, . . . ,p) 

lli = -72i and 7*^+^ = 72^+1 , 72^+1 = 72p+i 



• C'C = 1 



• for n = 2p 




,2p) 




for p 
for p 



0,1 
2,3 



0,3 
1,2 



{mod 4) 
(mod 4) 



{mod 4) 
(mod 4) 



C7i = (-ir7-^^ (z = l,...,2p+l) 
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11 Decompositions w.r.t. osp{l\2) subalgebras 



The method for finding the decompositions of the fundamental and the adjoint rep- 
resentations of the basic Lie superalgebras with respect to their different osp{l\2) subsu- 
peralgebras is the following: 

- one considers an osp{l\2) embedding in a basic Lie superalgebra Q = QqQ)Qi, determined 
by a certain subsuperalgebra K. in Q (— > Embeddings of osp(l|2)), which is expressed as 
a direct sum of simple components: /C = ®j /Cj. 

- to each couple {Q, JCi) one associates osp{l\2) representations given in Tables [l^ (regular 
embeddings) and |18| (singular embeddings); the notations 71 and 71" are explained below. 

- the decomposition of the fundamental representation of Q with respect to the osp{l\2) 
subalgebra under consideration is then given by a direct sum of osp{l\2) representations. 

- starting from a decomposition of the fundamental representation of Q of the form 



fund/c G 



7^,^ 



-^0 



the decomposition of the adjoint representation ad/c Q is given in the unitary series by 



ad/c G = {®i7Zj, ©fc7^;Q ® ( 
ad/c Q = {®^7lj, ©fc7^;Q ® ( 
and in the orthosymplectic series by 



7^ji ®k 



71" 



7Zi 



7^o 

27^o 



for sl{m\n) ,m ^ n 
for sl{n\n) 



ad/c G 



71, 



71, 



71 A ® ®k 



The symmetrized and antisymmetrized products of osp{l\2) representations 7Zj are ex- 
pressed, with analogy with the Lie algebra case, by (in the following formulae j and q are 
integer) 

i 

A ' 



7Zj ® 7Zj 



( 7^2g-l © 7^2,-l/2 

q=l 



71 j ® 



0^2,© 

i-1 



71 



2g+l/2 



71 



2i 



71 



•i-i/2 



71 



•i-i/2 



0(^2, 

g=0 

0(^2,-1 

q=l 



"^29+1/2 

©7^ 



2g--l/2 



71 



2i-i 



together with (for j, k integer or half-integer) 





D 7^fc) © {TZj i 


d7Zk)) 


A 


{7Z, 


®7Zj) 


A ^ 




5 7^fe) 


A ' 


D (7^,( 


B7^fc) 


((^. ^ 


B 7Zk) © {7lj i 


D7^fe)) 


S ~ 


{71, 


®7Zj) 


S ^ 




5 7^fc) 


S ^ 


5 (7^,6 


3 7^fc) 
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and (n integer) 



n{n + 1) 



n{n — 1) 



{nlZj © nlZj) 



2 

?T,(?T, + 1) 



2 

— 1) 



5 



2 



2 



The same formulae also hold for the TZ" representations. 

Let us stress that one has to introduce here two different notations for the osp(l|2) 
representations which enter in the decomposition of the fundamental representation of 

depending on the origin of the two factors Vj and of a representation TZj 

(let us recall that an osp{l\2) representation IZj decomposes under the sl{2) part as 
IZj = Vj ®'Dj_i/2). For Q = sl{m\n) (resp. Q = osp{m\n)), an osp{l\2) representation 
is denoted TZj if the representation T>j comes from the decomposition of the fundamental 
of sl{m) (resp. so(m)), and TZ" if the representation Vj comes from the decomposition of 
the fundamental of sl{n) (resp. sp{n)). 

In the same way, considering the tensor products of TZ and TZ" representations given 
above, one has to distinguish the osp{l\2) representations in the decomposition of the 
adjoint representations: the TZj representations are such that the T>j comes from the 
decomposition of the even part Qq for j integer or of the odd part Q- for j half-integer 
and the TZ'j representations are such that T>j comes from the decomposition of the even 
part Qq for j half-integer or of the odd part Q- for j integer. 

Finally, the products between unprimed and primed representations obey the following 
rules 



The tables ^ to ^ give the different decompositions of the fundamental and ad- 
joint representations of the basic Lie superalgebras with respect to the different osp{l\2) 
embeddings. For more details, see ref. 0. 

12 Decompositions w.r.t. s/(l|2) subalgebras 

The method for finding the decompositions of the fundamental and the adjoint repre- 
sentations of the basic Lie superalgebras with respect to their different s/(l|2) subsuper- 
algebras is the following: 




if ji + j2 is integer 



if ji + j2 is half-integer 
if ji + j2 is integer 



if ji + j2 is half-integer 
if ji + j2 is integer 



if ji + j2 is half-integer 
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- one considers a sZ(l|2) embedding in a basic Lie superalgebra Q — Qq® Gj, determined 
by a certain subsuperalgebra /C in ^ (— > Embeddings of sZ(l|2)), which is expressed as a 
direct sum of simple components: K, — ®i ICi. 

- to each couple {Q, fCi) one associates (atypical) sl{l\2) representations 7r(±j'j, j'j) = 7r±(jj) 
or osp(2|2) representations 7r(0, |) (— > Superalgebra sZ(l|2)) given in the following table: 





IC 


fundyc G 


sl{m\n) 


sl{p + l\p) 






sl{p\p+l) 


<(f) 


osp{m\2n) 


sl{p + l\p) 


7r+(|)©7r_(|) 




sl{p\p + 1) 


<(i)©^-(i) 




osp(2|2) 


^"(0, 1) 



(The notation tt or -n" is just to distinguish the superalgebras sl{p + l\p) or sl{p\p + 1) 
they come from. This will be used below). 

In the case of sl{m\n), one could also use 7r_ and tt" representations as well, leading to 
different but equivalent decompositions of the adjoint representation of Q. This fact is 
related to the existence of non-trivial outer automorphims for s/(l|2). 

- the decomposition of the fundamental representation of Q with respect to the s/(l|2) 
subalgcbra under consideration is then given by a direct sum of s/(l|2) representations of 
the above type, eventually completed by trivial representations. 

- starting from a decomposition of the fundamental representation of Q of the form 

fund;c 7r±(ji)) © ( ®k <(jfc)) 

the decomposition of the adjoint representation ad x: ^ is given in the unitary series by 



ad,c ^ = ( ©. vr±(j,) ©fc 7r^(jfc)) - 7^(0, 0) 
s.dKQ^{®i 7r±(j0 ffife <(jfe))' - 27r(0, 0) 

and in the orthosymplectic series by 

adjc = ( ©i T^±{ji)f\^ © ( ©fe 7r±(jfe)) 



for A{'m\n) ,m ^ n 
for A{n\n) 

© (©i 7r±(ji) ©i 7r±(jfe)) 



The symmetrized and antisymmetrized products of atypical s/(l|2) representations are 
given by 



(7r±(j)©7r±(A;))^|^ = (7r±(j) ® 7r±(j))\ © (7r±(A;) ® 7r± 



(7r±(j) ©7r±(A;))'|^ = (vr±(j)®7r± 



7r±(j) (8)7r±(/c)) 



(7r±(/c) ® 7r±(A;))'|^ © (7r±(j) ® 7r±(A;)) 
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and (n integer) 



(nn±{j) (g) mT±{j) 
{mr±{j) ®nn±{j) 



nin + 11 



n[n 



7r±(j) ® 7r±(j) 
7r±(j)©^±(j) 



nin — 11 



7r±(j) ® 7r±(j) 
7r±(j) ® 7r±(j) 



where (in the following formulae j and q are integer) 



7r_ 



-(j)©^-(j) 



vr+(j)©^-(j) 



©?io 7r(0, g) ©i=i 7r(2j + ^ 2g - i) 



o7r(0,g) ©^~J 7r(2j + i 2g+i) 



.2J 



7r(-2j-i,2g-i; 
7r(-2j-i,2g + i) 



)7r+(2j)©7r_(2j) 



7r_ 



(j + i)©7r_(j + i) 



-(j + |)©7r_(j + i) 



o' ^(0,g) ©i=o 7r(2j + |,2g+i; 
7r(-2j-|,2g+i) 



^o'7r(0,g) ©^,=1 7r(2j + |,2g-l; 



TT 



-2j-|,2g 



) ©7r+(2j + l)©7r_(2j + l) 



Finally, in the case of osp{2\2) embeddings, the product of the 7r(0, |) representation by 
itself is not fully reducible but gives rise to the indecomposable s/(l|2) representation of 
the type 7r(0; — |, |; 0) Superalgebra sZ(l|2)). 

Considering the tensor products of vr and vr" representations given above, one has to 
distinguish the s/(l|2) representations in the decomposition of the adjoint representations. 
Let us recall that a sZ(l|2) representation 7r(6, j) decomposes under the sl{2) © U{1) 



part as vr(6, j) = Dj{h) © Dj. 



l/2\ 



1/2) © D,_i/2(6 + 1/2) © Dj^iih) and 7r±(j) 



Dj{±j) ©Dj_i/2(±J ± 1/2)- The 7r(6, j) representations are such that the T>j comes from 
the decomposition of the even part Qq for j integer or of the odd part Qj for j half-integer 
and the n^h^j) representations are such that Vj comes from the decomposition of the 
even part Qq for j half-integer or of the odd part Qj for j integer. Finally, the products 
between unprimed and primed representations obey the following rules 



7r(6i, ji) © 77(62, J2) = 
vr"(6i,ji)©vr"(62,j2) 
vr(6i,ji) ©vr"(62,j2) = 



®T^{h, k) if Ji + J2 is integer 

©7r'(63, k) if Ji + k is half-integer 

f ©7r(63, is) if k + k is integer 

\ ©7r'(63, Js) if Ji + 32 is half-integer 

©7r'(63, Js) if k +k is integer 
©7i"(&3, J3) if ji + j2 is half-integer 



The tables ^ to ^ give the different decompositions of the fundamental and ad- 
joint representations of the basic Lie superalgebras with respect to the different s/(l|2) 
embeddings. For more details, see ref. p3| . 
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13 Derivation of a Lie superalgebra 



Definition : Let Q = Gq(BQi be a Lie superalgebra. A derivation D of degree deg D e Z2 
of the superalgebra Q is an endomorphism of Q such that 



D 



D{X),Y] + (-l)^^Si3.degX|j^^^^y^ 



If deg-D = 0, the derivation is even, otherwise degD = 1 and the derivation is odd. 
The space of all the derivations of Q is denoted by DciQ = Derg^ © Der-^. 



D,D' 



G Der^, that is the space Der^ closes 



If D and D' are two derivations of then 
under the Lie super bracket. 

The space Der^ is called the superalgebra of derivations of Q. In particular, 

adx : Y ^ adx(i^) = lx,Y 

is a derivation of Q. These derivations are called inner derivations of Q. They form an 
ideal Inder Q of Der ^. Every derivation of a simple Lie superalgebra with non-degenerate 
Killing form is inner. 



14 Dirac matrices 

Clifford algebra, Spinors (in the Lorentz group), Supersymmetry algebra, Super- 
conformal algebra. 



15 Dynkin diagrams 

Let ^ be a basic Lie superalgebra of rank r and dimension n with Cartan subalgebra 
H. Let A° = (oii, . . . , Qir) be a simple root system (— >) of Q and = (a'^j) be the 
corresponding symmetric Cartan matrix (— defined by a[j — (cti, aj). One can associate 
to A° a Dynkin diagram according to the following rules: 

1. one associates to each simple even root a white dot, to each simple odd root of 
non-zero length (a'^- ^ 0) a black dot and to each simple odd root of zero length 
« = 0) a grey dot. 

2. the ith and jth dots will be joined by rjij lines where 

* = min(Kl''K,l) 

2|a--| 

Vij — — ■ '•^1,1 if a',, ^ and a',- = 

mm^/^^^oKfcl 

Vij = \(iij\ \io!^^ = o!j^ 
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3. we add an arrow on the lines connecting the ith and jth dots when rjij > 1, pointing 
from i to j if a^^.a'^j ^ and |ay > |a^-j| or if = 0, a'jj ^ 0, \o!^^\ < 2, and pointing 
from j to i if a^j = 0, a'jj ^ 0, |a^j| > 2. 

Since a basic Lie superalgebra possesses many inequivalent simple root systems, there 
will be for a basic Lie superalgebra many inequivalent Dynkin diagrams. For each basic Lie 
superalgebra, there is a particular Dynkin diagram which can be considered as canonical. 
Its characteristic is that it contains the smallest number of odd roots. Such a Dynkin 
diagram is called distinguished. 

Definition : The distinguished Dynkin diagram is the Dynkin diagram associated to 
the distinguished simple root system (— to which corresponds the distinguished Cartan 
matrix (— >). It is constructed as follows: the even dots are given by the Dynkin diagram 
of the even part Qq (it may be not connected) and the odd dot corresponds to the lowest 
weight of the representation Qj of Qq. 

The list of the distinguished Dynkin diagrams of the basic Lie superalgebras are given 
in Table |13] (see also Table ^to |T^). 

Cartan matrices. Simple root systems. 
For more details, see refs. [[l^, 

16 Embeddings of osp{l\2) 

The determination of the possible osp{l\2) subsuperalgebras of a basic Lie superal- 
gebra Q can be seen as the supersymmetric version of the Dynkin classification of sl{2) 
subalgebras in a simple Lie algebra. Interest for this problem appeared recently in the 
framework of supersymmetric integrable models (in particular super- Toda theories) and 
super- algebras |P, As in the algebraic case, it uses the notion of principal embed- 
ding (here superprincipal) . 

Definition : Let ^ be a basic Lie superalgebra of rank r with simple root system 
A° = {«!, . . . ,ar} and corresponding simple root generators E±ai in the Serre-Chevalley 
basis (— >). The generators of the osp{l\2) superprincipal embedding in Q are defined by 

i=l i=l j=l 

ttij being the Cartan matrix of Q and a*-^ = {a~^)ij. The even generators of the superprin- 
cipal osp{l\2) are given by anticommutation of the odd generators and F~: 

H = 2[f^,F-}, ^+ = 2{f+,F+}, E- = -2[f-,F-] 
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Not all the basic Lie superalgebras admit an osp{l\2) superprincipal embedding. It 
is clear from the expression of the osp{l\2) generators that a superprincipal embedding 
can be defined only if the superalgebra under consideration admits a completely odd 
simple root system (which corresponds to a Dynkin diagram with no white dot). This 
condition is however necessary but not sufficient (the superalgebra A{n\n) does not admit 
a superprincipal embedding although it has a completely odd simple root system). The 
basic Lie superalgebras admitting a superprincipal osp{l\2) are thus the following: 

sl{n ± l|n), osp{2n ± l\2n), osp{2n\2n), osp{2n + 2\2n), D{2, 1; a) with a ^ 0, ±1 

The classification of the osp{l\2) embeddings of a basic Lie superalgebra Q is given by 
the following theorem. 

Theorem : 

1. Any osp{l\2) embedding in a basic Lie superalgebra Q can be considered as the 
superprincipal osp{l\2) subsuperalgebra of a regular subsuperalgebra /C of ^. 

2. For Q = osp{2n±2\2n) with n>2, besides the osp{l\2) superprincipal embeddings 
of item 1, there exist osp{l\2) embeddings associated to the singular embeddings 
osp{2k ± l|2fc) © osp{2n - 2k ± l\2n - 2k) C osp{2n ±2\2n) with l<k< 



n-l 



3. For Q = osp{2n\2n) with n > 2, besides the osp{l\2) superprincipal embeddings 
of item 1, there exist osp{l\2) embeddings associated to the singular embeddings 
osp{2k ± l\2k) © osp{2n - 2A; ^ l|2n - 2k) C osp{2n\2n) with 1 < A; < 

17 Embeddings of s/(2|l) 

In the same way one can consider osp{l\2) embeddings of a basic Lie superalgebra, it 
is possible to determine the s/(2|l) subsuperalgebras of a basic Lie superalgebra Q. This 
problem was recently considered for an exhaustive classification and characterization of 
all extended N = 2 superconformal algebras and all string theories obtained by gauging 
N = 2 Wess-Zumino-Witten models |Q. Let us consider the basic Lie superalgebra 



sl{n + l\n) with completely odd simple root system A°: 



-n+l 



Denote by E±(^ir^_s^), E±(^Si-e,+i) (1 < < '^) the corresponding simple root generators in 
the Serre-Chevalley basis (— *). The s/(2|l) superprincipal embedding in sl{n + l\n) is 
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defined as follows. The odd part of the superprincipal sl{2\l) is generated by F±a and 
F±i3 where 

n n 2n 



i=l 

n 

i=l 



i=l j=l 
n 2n 

1=1 j=i 



Qij being the Cartan matrix of sl{n + l\n), a^^ — {a and a^j is chosen as 

/ 1 \ 

1 -1 
-1 1 
1 

1 

V 1 oy 

The even generators of the superprincipal s/(2|l) are given by anticommutation of the 
odd generators F±a and F±i3: 



{F±a, F±aj — |-F±/3, F±f)^ — 

One obtains finally 



{F+i3, F^g^ = H+ — H_ 

{F±a, F±p^ — E± 



F±, F±a 


= 


F± , F±f3 


= 


E±, F^a 


= TF^0 


E±, F^g 


= TF±a 


H± , -F+Q 


= ±|-F+a 




^2 




= |^+/3 


H±, F_!3 


= -lF_p 






H_,E^ 


= 



where 



n 2n 



i=l j=l 

Notice that this sl{2\l) superprincipal embedding contains as maximal subsuperalgebra 
the superprincipal osp{l\2) with generators H^, E± and F± — F±a + F±i3. 

The classification of the s/(2|l) embeddings of a basic Lie superalgebra Q is given by 
the following theorem. 

Theorem : Let ^ be a basic Lie superalgebra. Any s/(2|l) embedding into Q can be 
seen as the principal embedding of a (sum of) regular sl{n\n ± 1) subsuperalgebra of Q, 
except in the case of osp{m\n) (m > 1), F{4) and D{2, l;a) where the (sum of) regular 
osp(2|2) has also to be considered. 
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18 Exceptional Lie superalgebra F(4) 

The Lie superalgebra F{4) of rank 4 has dimension 40. The even part (of dimension 
24) is a non-compact form of s/(2) © o(7) and the odd part (of dimension 16) is the 
spinorial representation (2, 8) of s/(2) © o(7). In terms of the vectors Si, S2, £3 and 5 such 
that Ei.Ej — 5ij, 5"^ — —3, Si.S — 0, the root system A = Aq U Aj is given by 

Aq = I ± (5, ±£i ± Sj, ±ei I and Aj = | \{±6 ± £1 ± £2 ± £3) } 

The different simple root systems of F(4) with the corresponding Dynkin diagrams and 
Cartan matrices are the following: 

Simple root system A° = |q;i = ^{5 — £1 — £2 — £3), 012 — £3, 0:3 = £2 — £3, 0:4 = £1 — £2! 



«2 



"3 



«4 



040 — O 



Simple root system A° = |q;i 
£2 — £3, q;4 = £1 — £2! 



ai 



012 



03 04 

o — o 



£3), 0:4 = £3} 








( ° 


1 





\ 




Cartan matrix 




-1 
- 


2 - 
-1 


-2 
2 



-1 








I 


- 


-1 


2 J 




= i(-5 + £1 + £2 + £3), "2 = 


= 


£1 - 


£2 + £3), "3 






( ° 


1 









Cartan matrix 




-1 

- 



-1 


2 
2 



-1 








I 


- 


-1 


2 J 




£1 - £2, q;2 = 1(5 - £1 + £2 - 


- £3), as 




-(5 + £1 + £2 




( 


2 -1 





^) 






Cartan matrix = 




-2 
-2 


2 



1 
1 








\ 


-1 


-1 


2 J 







Simple root system A° = |q!i = |(5 + £1 — £2 — £3), q;2 = |(5 — £1 + £2 + £3),Q;3 = 
|(-(5 + £1 - £2 + £3), Qi4 = £2 - £3} 




Cartan matrix 



/ 
-3 

-2 
V 



3 

-1 




2 0\ 

1 

1 

-2 2/ 



Simple root system A° = jai = 5, q;2 = |(— ^ + £1 — £2 — £3), 03 = £3, q;4 = £2 — £3} 
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«! a2 as ^4 

— Ct^O 



Cartan matrix 



/ 2 

-3 


\ 



-1 

1 

-1 2 

-1 




-2 
2 / 



Simple root system A° = |q!i = 5, q;2 = |(~^ — £i + £2 + ^3), cts = £1 — £2, Q!4 = £2 — £3} 



o 



02 



Q!3 



a4 



O — O 



Cartan matrix 



V 



2 -1 

-3 

-1 






2 
2 
-1 





-1 

2 y 



Mqp where 



Denoting by Tj where i = 1,2,3 the generators of s/(2), by Mpg = 
1 < p 7^ g < 7 the generators of so{7) and by Fq,^ where a = +,— and 1 < < 8 the 
generators of the odd part, the commutation relations of F{A) read as: 



T T- 



Ti,Mj 



pq 



= 



Mpg, Mrs 



T F 



5qrMps + 5psMgr - SprMgg - SggMpj. 



2 {lp1q)i'iJ,Fau 

{Fa^,Fp,} = 2Cj^J{C^''>a%pT, + \C%{C^^)^p^g),,Mpg 

where (T^,o"^,a"^ arc the Pauli matrices and C*^^-* (= ia"^) is the 2x2 charge conjugation 
matrix. The 8-dimensional matrices 7^ form a Clifford algebra {7^, 7^} = 25pq and C*^^^ is 
the 8x8 charge conjugation matrix. They can be chosen, I being the 2x2 unit matrix, 
as {-^ Clifford algebra): 



7i = cr 



1 , 72 = cr^ (g) cr^ (7^ , 73 
75 = cr^ <8) cr^ <8) 1 , 76 



a 



77 = (7^ (8) I (8) I 

The generators in the Cartan- Weyl basis are given by (with obvious notations) : 

Hi = T3 E^s = Ti ± iT2 

H2 = iMii = iA'h2 = iMe3 

E±e, = ^(Mi7 ± ZM47) F±e. = ^{M27 ± ^Msy) ^±.3 = 75(^37 ± tM,r) 

^±(£1+52) = 1(^2 ± iM42 + M54 ± iMis) £^±(ei-e2) = i(Mi2 ± iM42 - M54 T iMig) 

^±(^2+^3) = 1(^23 ± iM53 + Mes ± iM26) £^±(s2-.3) = |(^23 ± iM53 - Mes T iM26) 

^±(.1+^3) = 1(^3 ± iM43 + M64 ± iMie) £^±(ei-e3) = 1(^13 ± ^^43 - Mq^ T iMie) 



E^(±5±ei±e2±S3) 



a,ij, 



where in the last equation the index a and the sign in ±5 are in one-to-one correspondence 
and the correspondence between the index fi and the signs in ±£i ± £2 ± £3 is given by 
(1, 2, 3, 4, 5, 6, 7, 8) = (+ + +, + --,--+,- + -,- + +, ,+ -+, + + -). 
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19 Exceptional Lie superalgebra G{3) 



The Lie superalgebra ^(3) of rank 3 has dimension 31. The even part (of dimension 
17) is a non-compact form of sl{2) © G2 and the odd part (of dimension 14) is the 
representation (2, 7) of sl{2) © G2- In terms of the vectors £1, £2, ^3 with si + 62 + = 
and 5 such that Si-Sj — 1 — 35^, 5"^ — 2, ei.5 — 0, the root system A = Aq U Aj is given by 

Aq = { ± 26, Ei - Ej, ±Ei } and Aj = { ± ± 6, ±6 } 

The different simple root systems of G{3) with the corresponding Dynkin diagrams and 
Cartan matrices are the following: 

Simple root system A° = |q;i — 5 + £3, a2 — £1, — £2 — £1^ 



a2 a?, 



Cartan matrix 



/ 1 \ 

-1 2 -3 
V -1 2) 



Simple root system A° = |q;i = —6 — E2,a2 = S — E2, = E2 — Ei^ 
ai 0L2 OLj, 



Cartan matrix 



/ 1 \ 

-1 3 

V 0-12; 



Simple root system A° = |q;i = 5, 0:2 = + £1, eta = £2 — £1} 



02 ^3 



Cartan matrix 



2 
-2 





Simple root system A° |q;i = 5 — £1, 0:2 = — + £2, 0:3 = £i| 





Cartan matrix 



In order to write the commutation relations of ^(3), it is convenient to use a so(7) 
basis. Consider the so(7) generators M^q = —Mgp where 1 < p ^ q < 7. The singular 
embedding G2 C so{7) is obtained by imposing to the generators Mpg the constraints 

CijkMij = 

where the tensor ^^jk is completely antisymmetric and whose non-vanishing components 
are 

C123 — — Cl76 — ^246 = C257 = C347 = ^365 = 1 
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Denoting by Ti where i — 1,2,3 the generators of sl{2), by Fap where a — +,— and 
1 < P < 7 the generators of the odd part, the commutation relations of G(3) read as: 







Mpg, Mrs 



Sqf]\/Ipg ~\~ Spg]\/[q'p Spf]\/[qg Sqg]\/[py ~\~ ^^pqu^rsv-^^i 



F --5 F +-C F 



where the tensor (pgrs is completely antisymmetric and whose non- vanishing components 
are 

Cl247 = Cl265 = Cl364 = Cl375 = C2345 = C2376 = C4576 = 1 

It can be written as 



Cpqrs — ^ps^qr ^pr^qs ~l~ ^ ^ ^pqu^r 



u=l 



The (T*'s are the Pauli matrices and C (= ia^) is the 2x2 charge conjugation matrix. 
In terms of the Mpg, the generators of G2 are given by 



El = i{Mi7 - M24) 

E2 = i(M2i - M74) 
E3 = t{Mr2 - Mm) 
E4 = i(M43 - Mie) 
E5 = i(Msi - M46) 
Ee = i(M62 - M73) 

= ?(M32 - M67) 



= i\/3(Mi7 + M24) 

E'^ = -iVsiM^i + Mu) 

E'^ = iV3{M72 + M14) = -£^8 

E'^ = iV3(M43 + Mie) 

= iVsiMsi + M46) 

= iVS(Me2 + M73) 

= iv^(M32 + M67) 



The E^a's with a — 1, ... ,8 generate sl{3) and satisfy the commutation relations 

Ea:Eh = 2ifabcEc 

where fabc are the usual totally antisymmetric Gell-Mann structure constants. The com- 
mutation relations between the G2 generators Ea and E^ {i — 1, 2, 4, 5, 6, 7) are 



Ea, E\ 

KE^, 



2ir -E'- 



2t{caijE, + c',^,E',) 



where the structure constants Caij (antisymmetric in the indices and c^^-;;. (totally 
antisymmetric) are 



C147 — Ci56 — C257 — C345 — C367 — C417 — C725 — 1/2 
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C246 = C426 = C516 = C527 = Cq15 — C624 = C714 — —1/2 
C845 = C876 = -1/2a/3 C812 = "I/a/S 

^147 ~ "^leS ~ '^246 ~ '^257 = ~V 

The generators E'a and constitute a Cartan basis of the G2 algebra. One can also 
take a basis Hi, H2, such that Hi + H2 + — given by Hi = ^{E^ + ^E^), 
H2 = I (—£3 + ^Eg), H^ = —^Eg. The generators in the Cartan- Weyl basis are given 
by (with obvious notations): 

H2^li-Es + ^Es) 

E±{e2-ez) = Eq± iE-j 

E±S2 = -E4 T iE'^ 

E±5+e2 = E±7 + iFj^2 
E±5-e2 = E±7 — iF±2 

E±2S = Ti± iT2 



Hi = \{E^ + 



E±(£^-S2) = Ei± iE2 



E±£j = -E7 =F iEg 

E±5+ei = E±i + iF±4 

E±s-si = -^±1 ~ '^E±4 
H4 = T3 



H3 = -^Eg 

-E'±(£l-£3) = E4± lE^ 

E±£3 = E[^ iE'2 

E±5+e3 = -f±3 + iF±Q 
E±5-e3 = -^±3 — iF±Q 

E±s = F±5 



20 Exceptional Lie superalgebras D(2, 1; a) 

The Lie superalgebras D{2, 1; a) with a ^ 0, —1, oo form a one-parameter family of 
superalgebras of rank 3 and dimension 17. The even part (of dimension 9) is a non- 
compact form of sl{2) ® sl{2) © sl{2) and the odd part (of dimension 8) is the spinorial 
representation (2, 2, 2) of the even part. In terms of the vectors £i, £2, £3 such that el — 
-(1 + a)/2, el = 1/2, £3 = a/2 and ei.ej = if i 7^ j, the root system A = Aq U Aj is 
given by 

Ao = {±2£i} and A^ = { ± £1 ± £2 ± £3} 

D(2, 1; a) is actually a deformation of the superalgebra D(2, 1) which corresponds to the 
case a — 1. 

The different simple root systems of D{2, 1; a) with the corresponding Dynkin diagrams 
and Cartan matrices are the following: 

Simple root system A° = jai = £1 — £2 — £3, 0:2 = 2£2, — 2£3| 

"2 / 1 a \ 




Cartan matrix 



-12 

V-1 2; 



Simple root system A° = |q;i = 2£2, a2 — — £1 — £2 + £3, eta = 2£i| 
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Cartan matrix 



/ 2 -1 \ 

1 1 + a 
[O -1 2 ) 



Simple root system A° = |q;i = 2s3, — 2ei, as — —Si + £2 — £3} 

^ 2 a \ 
2 1 + a 




Cartan matrix 



Simple root system A° = |ai 
as 



V-1 -1 




-£i + £2 + £3, a2 = El + 62 — S3, as 
Cartan matrix = 





-- £1 



I 



£2 + £3 




(the labels on the links are equal to the absolute values of the scalar products of the 
simple roots which are linked.) 

Denoting by Tf^ where % = 1,2,3 and a = 1,2,3 the generators of the three sl{2) 
and by Fj^pipn where I3,I3' ,13" = +, — , the generators of the odd part, the commutation 
relations of D{2,1; a) read as: 

AX ^ rp{a) 

t'Jab'^ijk-'- k 



'rp{a) rpip) 



-Li ,-r/3/3'/3" 



[-Li ,-rfBl3'l3" 

where Si + S2 + S3 = is imposed by the generahzed Jacobi identity. The cr*'s are the Pauli 
matrices and C (= icr^) is the 2x2 charge conjugation matrix. Since the superalgebras 
defined by the triplets Asi, As2, Asa (A e C) are isomorphic, one can set S2/S1 = a and 
S3/S1 = —1 — a (the normalization of the roots given above corresponds to the choice 
Si = 1, S2 = a and S3 = —1 — a). One can deduce after some simple calculation that: 



2^7/3^7/5'/?" 



Property: The superalgebras defined by the parameters a, a ^, —1—a and 



—a 



are 



a 



isomorphic. Moreover, for the values 1, —2 and —1/2 of the parameter a, the superalgebra 
D{2, 1; a) is isomorphic to D{2, 1). 

In the Cartan- Weyl basis, the generators are given by: 



(1) 



H2 = tP 



E±2es^Ti:^^±iT?^ 



where in the last equation the signs in the indices ±£1 ± £2 i £3 and the indices l3j3'j3" are 
in one-to-one correspondence. 
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21 Gelfand-Zetlin basis 



Consider a finite dimensional irreducible representation tt of gl{m\n) with highest 
weight A = (Ai, . . . , Xm+n)- The coefficients Aj are complex numbers such that the differ- 
ences Aj — Aj+i G N for i ^ 111. The construction of the Gelfand-Zetlin basis stands on the 
reduction of tt with respect to the chain of subalgebras 

gl{m\n) D gl{m\n — 1) D . . . D gl{m) D gl{m — 1) D . . . D gl{^) 

It is sufficient of course to achieve the first reduction. 

This construction has been done up to now only in the case of the star representations 
of gl{m\n). Let us recall that the superalgebra gl{m\n) has two classes of star representa- 
tions and two classes of superstar representations (— > Star and superstar representations): 
if e/j is the standard basis of gl{m\n) {-^ Unitary superalgebras) where 1 < I , J < m + n, 
the two star representations tt are defined by n^{eij) — 7r(e|j) where 

e\j — Cji adjoint 1 

e\j = (-l)d^g(^")ej7 adjoint 2 

and the two superstar representations tt by 7r-'-(e7j) = 7r(ejj) where 

ef7=< ^^f^^^T\ £ ^1 / N 1 superadjoint 1 

[ e/j sign[.J — I) for deg(e_fj) = 1 

4/ = S ^/^''^Yw" / N 1 superadjoint 2 

'-^ [ ejj sign{I - J) for deg(e7j) = 1 

In the following, we will concentrate on the star representations. 

Theorem : The irreducible representation of gl{m\n) with highest weight A = (Ai, . . . , 
^m+n) is a star representation if and only if all the Aj are real and the following conditions 
are satisfied: 

1. A^ + Xm+n -n+l>0. 

2. there is some k G — 1} such that < A^ -|- X^+k — k + 1 < 1 and 

Xm+k — Xjn+k+1 — ■ ■ ■ = Xm+n- 

3. Ai -|- A^+i -|- m — 1 < 0. 

Theorem : Let tt be a star representation of gl{m\n) with highest weight A = (Ai, . . . , 
Xm+n)- The reduction of the representation tt of gl{m\n) with respect to of gl{m\n — 1) 
gives exactly once the irreducible representations of gl{m\n — 1) with highest weights 
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A' = {X[, . . . , X'^^n_i) where the differences Aj — A^eNforl<i<m + n — 1 and the 
coefficients satisfy the following inequalities: 

• Ai > A2 > . . . > Xm-l > A^ 

• a;>a',>...>a'^_i>a:„ 

• Ai > a; > Ai - £i (1 < i < m) 

• A^+i > X'jn+l > A^+2 > ■ ■ ■ > A^+n-l > A^^„_i > Xm+n 



£1 
£2 



where 

if Ai + A^+i + m - 1 = 

1 otherwise 

= £m-l = 1 

'0 if Ai + Xm+i + m- l = OorAm + Xm+k + A; - 1 = 
with X^j^k-i 7^ ^m+k (2 < /c < n) 
1 otherwise 

= in the case of the star adjoint 1 representations while £1 = for the star adjoint 
2 representations. 

It follows that the Gelfand-Zetlin basis for the star representations of gl{m\n) is given 
by the following theorem: 

Theorem : Let tt be a star representation of gl{m\n) with highest weight A = (Ai, . . . , 
Aat) = (AiAT, . . . , Xnn) where N = m + n. The Gelfand-Zetlin basis in the representation 
space V(A) is given by 

AlAT A2Ar AsAT . . . Aatat ' 
Al,iV-l A2,Ar-l . . . AjV-l,7V-l 

A12 A22 
All 

where the real numbers Xij, with Aj^+i — Xij e N, satisfy the following inequalities: 

• ^IJ+l ^ ^2J+l > • • • > Am-l,j+l > ^m,j+l 

■ Xij > X2j > . . . > A^_ij > Xjnj 

■ ^ \j ^ ~ £i,j+l (1 < ^ < TTl) 

■ Aij+i > Xij > Aj+i j+i for j > i > m + 1 or i < j < m - 1 



where 



£m,j+l 



if Aij+i + A^+ij+i + m - 1 = 

1 otherwise 

if Xmj+i + A^+ij+i = or A,„ j+i + A^+fej+i — k + 1 

with Xra+k-l,j 7^ >^m+k,j+l {'^ < k < j + 1) 

1 otherwise 
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and e2,j+i = . . . = ^m-ij+i = 1- Notice that ^mj+i = in the case of the star adjoint 1 
representations while £i,j+i = for the star adjoint 2 representations. 

For more details on the Gelfand-Zetlin basis for gl{m\n), in particular the action of 
the gl{m\n) generators on the basis vectors, see ref. |T^. 

22 Grassmann algebras 

Definition : The real (resp. complex) Grassmann algebra T{n) of order n is the algebra 
over M (resp. C) generated from the unit element 1 and the n quantities 6i (called 
Grassmann variables) which satisfy the anticommutation relations 

This algebra has 2" generators 1, 9i, 9i9j, OiOjO^, . . . , 6'i . . . 6'„. 

Putting deg6'j = 1, the algebra T{n) acquires the structure of a superalgebra: T{n) = 
r(n)o © T{n)-, where T{n)Q is generated by the monomials in 6i with an even number of 
6i (even generators) and T{n)- by the monomials in 6i with an odd number of 6i (odd 
generators). Since dimr(n)o = dimr(?T,)Y = 2"^^, the superalgebra r(?T,) is supersym- 
metric. The Grassmann superalgebra is associative and commutative (in the sense of the 
superbracket). 

It is possible to define the complex conjugation on the Grassmann variables. However, 
there are two possibilities to do so. If c is a complex number and c its complex conjugate, 
6i,6j being Grassmann variables, the star operation, denoted by *, is defined by 

{c9ir = c9*, 9r = e,, {e,9,y = 9*9* 

and the superstar operation, denoted by *, is defined by 

{c9i)* = c9* , 9f* = -9i , {9i9^)* = 9*9* 

Let us mention that the derivation superalgebra (— >) Derr(n) of T{n) is the Cartan 
type (— i>) simple Lie superalgebra W{n). 

23 Killing form 

Definition : Let ^ be a Lie superalgebra. One defines the bilinear form B^^ associated 
to a representation vr of ^ as a bilinear form from Q x Q into the field of real numbers M 
such that 

fi,(X,r) = str(7r(X),7r(r)), y X,Y E G 
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where Tr{X) are the matrices of the generators X & Q in the representation tt. 
If {Xi} is the basis of generators of ^ (i = 1, . . . , dim^), one has therefore 

B,{X,,Yj) = str(7r(X,),7r(l^)) = g^^ 

Definition : A bihnear form B on Q — Qq ® Qj is called 

- consistent if B{X, Y) ^ for all X e Gq and all Y e Gj. 

- supersymmetric if B{X,Y) = {-l)'^^^^-^^^^ B{Y, X), for all X,Y eG- 

- invariant if B(lX, YlZ)^ B(X, {Y, Zj), for all X,Y,Z e G- 

Property: An invariant form on a simple Lie supcralgcbra G is cither non-dcgcncrate 
(that is its kernel is zero) or identically zero, and two invariant forms on G are proportional. 

Definition : A bilinear form on G is called an inner product on G if it is consistent, 
supersymmetric and invariant. 

Definition : The bilinear form associated to the adjoint representation of G is called 
the Killing form on G and is denoted K{X, Y): 

i^(A:,F) =str(ad(A:),ad(r)), V X, F e 6? 

We recaU that ad(X)Z = |X, Z] and ^ad(Xj)^ = —C^^ where Q^- are the structure 
constants for the basis {X^} of generators of G- We can therefore write 

Property: The Killing form of a Lie superalgebra G is consistent, supersymmetric 
and invariant (in other words, it is an inner product). 

Property: The Killing form of a Lie superalgebra G satisfies 

K{<i>{X),<p{Y)) = K{X,Y) 

for all e Aut(^) and X,Y eG- 

The following theorems give the fundamental results concerning the Killing form of 
the (simple) Lie super algebras: 
Theorem : 

1. A Lie superalgebra G with a non-degenerate Killing form is a direct sum of simple 
Lie superalgebras each having a non-degenerate Killing form. 
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2. A simple finite dimensional Lie superalgebra Q with a non-degenerate Killing form 
is of the type A{m, n) where m ^ B[m, n), C(n + 1), D{m, n) where m 7^ n + 1, 
F(4) or ^(3). 

3. A simple finite dimensional Lie superalgebra Q with a zero Killing form is of the 
type v4(n, n), D{n + 1, ra), D{2, 1; a), P{n) or Q{n). 



Cartan matrices. 



For more details, see refs. ^ . 



24 Lie superalgebra, subalgebra, ideal 

Definition : A Lie superalgebra Q over a field K of characteristic zero (usually K = M 
or C) is a Z2-graded algebra, that is a vector space, direct sum of two vector spaces Qq 
and Qj, in which a product [ , ], is defined as follows: 



Z2-gradation: 
graded- ant isy mmet ry : 



Qi 1 Gj C Qi+j (mod 2) 



X„X, =-(-1) 



dcg Xi . deg Xj 



Xj , Xi 



where degXj is the degree of the vector space. is called the even space and Qj 
the odd space. If degXj. degXj = 0, the bracket [ , ] defines the usual commutator, 
otherwise it is an anticommutator. 



generalized Jacobi identity: 

(^ — l^degXi.dcg Xk 
_|_/'_j^\dcg Xk-dcgX. 



Xj, Xfc 



Xk 



Xi, Xj 



_|_ ^_]^^degXj.degXi 

= 



Xj, 



Xk, Xi 



Notice that Qq is a Lie algebra - called the even or bosonic part of ^ - while Qj - 
called the odd or fermionic part of ^ - is not an algebra. 

An associative superalgebra Q = Qq^Gj over the field K acquires the structure of a Lie 
superalgebra by taking for the product | , ] the the Lie superbracket or supercommutator 
(also called generalized or graded commutator) 



X.Y 



XY — ( — l)'^'^S^-degyyj^ 
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for two elements X^Y e Q. 

Definition : Let Q = Qq® Q-Qhe & Lie superalgebra. 

- A subalgebra K, = K,q®K,j of ^ is a subset of elements of Q which forms a vector subspace 
of Q that is closed with respect to the Lie product of Q such that /Cq C Qq and ICj C Qj. 
A subalgebra IC oi Q such that K, ^ Q is called a proper subalgebra of Q. 

- An ideal X of ^ is a subalgebra of Q such that Q,X izX, that is 



Xeg.Y eX 



x,Y 



eX 



x,x' 



IS an 



An ideal X of ^ such that X 7^ ^ is called a proper ideal of Q. 

Property : Let ^ be a Lie superalgebra and X, X' two ideals of Q. Then 
ideal of Q. 

25 Matrix realizations of the classical Lie superalgebras 

The classical Lie superalgebras can be described as matrix superalgebras as follows. 
Consider the Z2-graded vector space V = Vq© Vj with dim Vg = m and dim Vj- = n. Then 
the algebra End V acquires naturally a superalgebra structure by 

EndV = End-^V ® EndjV where EndiV = {0 G EndV I 0(Vj) C Vi+j] 

The Lie superalgebra £{m,n) is defined as the superalgebra EndV supplied with the Lie 
superbracket (— > Lie superalgebras). £{m,n) is spanned by matrices of the form 

' A B \ 



C D 



where A and D are gl{m) and gl{n) matrices, B and C are m x n and n x m rectangular 
matrices. 

One defines on i{m, n) the supertrace function denoted by str: 

str(M) = tr(A) - tr{D) 

The unitary superalgebra A{m. — l,n — 1) — sl{m.\n) is defined as the superalgebra of 
matrices M e £{m, n) satisfying the supertrace condition str(M) = 0. 
In the case m — n, sl{n\n) contains a one-dimensional ideal X generated by ^-nd one 
sets A{n — l,n — 1) — sl{n\n)/X. 

The orthosymplectic superalgebra osp{m, 2n) is defined as the superalgebra of matrices 
M e i{m, n) satisfying the conditions 

A^ = -A, D^G = -GD , B = C^G 
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where * denotes the usual sign of transposition and the matrix G is given by 



G 



\ 

-In 



The strange superalgebra P{n) is defined as the superalgebra of matrices M G £(n, n) 
satisfying the conditions 

A' = -D, B' = B, C' = -G, tr(A) = 

The strange superalgebra Q{n) is defined as the superalgebra of matrices M G i{n,n) 
satisfying the conditions 

A = D, B = G, tr(fi) = 

The superalgebra Q{n) has a one-dimensional center Z. The simple superalgebra Q{n) is 
given by Q{n) = Q{n)/Z. 

—y Orthosymplectic super algebras, Strange super algebras, Unitary superalgebras. 



For more details, see refs. 34 . 



26 Nilpotent and solvable Lie superalgebras 

Definition : Let Q = Qq (B Qj he a. Lie superalgebra. Q is said nilpotent if, considering 
the series 



[i-i] 



then it exists an integer n such that ^'"^ = {0}. 

Definition : Q is said solvable if, considering the series 



then it exists an integer n such that Q^'^'> = {0}. 



t(0 
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Theorem : The Lie superalgebra Q is solvable if and only if is solvable. 

Property: Let Q = © ^- be a solvable Lie superalgebra. Then the irreducible 



let us recall 



representations of Q are one-dimensional if and only if ^Qj, Qj^ C Gq, Qq 
that in the case of a solvable Lie algebra, the irreducible finite dimensional representation 
are one-dimensional. 

Property: Let Q = Qq® Qjhe a, solvable Lie superalgebra and let V = Vg © V- be the 
space of irreducible finite dimensional representations. Then either dim Vq — dim Vj and 
dim V — 2^ with 1 < s < dim Qj, or dim V — 1. 

27 Orthosymplectic superalgebras 

The orthosymplectic superalgebras form three infinite families of basic Lie superal- 
gebras. The superalgebra B{m,n) or osp{2m + l\2n) defined for m > 0,n > 1 has as 
even part the Lie algebra so{2m + 1) © sp{2n) and as odd part the (2m + l,2n) rep- 
resentation of the even part; it has rank m + n and dimension 2{m + + m -\- 3n. 
The superalgebra C{n + 1) or osp{2\2n) where n > 1 has as even part the Lie algebra 
so{2) © sp{2n) and the odd part is twice the fundamental representation (2n) of sp{2n); 
it has rank n + 1 and dimension 2n^ + 5n + 1. The superalgebra D{m, n) or osp{2m\2n) 
defined for m > 2, n > 1 has as even part the Lie algebra so{2m) © sp{2n) and its odd 
part is the (2m, 2n) representation of the even part; it has rank m + n and dimension 
2(m -|- n)^ — m + n. 

The root systems can be expressed in terms of the orthogonal vectors Si, . . . ,8^ and 
6i, . . . ,6n as follows. 

- for B{m, n) with m ^ 0: 

Ag = I ±6i± Ej, ±ei, ±5i ± 5j, ±25i } and Ay = | ±£i± Sj, ±6j } , 

- for B{0,n): 



Ag = { ±5i±6j, ±26i } and Aj = { ± Sj } , 



for C(n + 1): 



Ag = { ±5i± Sj, ±2Si } and Aj^[ ±e±5j}, 

for D{m, n): 

Ag = I ± £j ± £j, ±5j ± ±25j I and Ay = | ± £j ± 5^ | . 
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The Dynkin diagrams of the orthosymplectic superalgebras are of the following types: 
- for the superalgebra B[m,n) 




K = 1 K = 



- for the superalgebra C{n + 1) 




K = 1 K = 



-for the superalgebra D{m, n) 




K = 1 K = 



In these diagrams, the labels are the Dynkin labels which give the decomposition of the 
highest root in terms of the simple roots. The small black dots represent either white 
dots (associated to even roots) or grey dots (associated to odd roots of zero length), K is 
the parity of the number of grey dots. The Dynkin diagrams of the orthosymplectic Lie 
superalgebras up to rank 4 are given in Table p^ . 

The orthosymplectic superalgebras osp{M\N) (with M = 2m or 2m + 1 and = 2n) 
can be generated as matrix superalgebras by taking a basis of (M + A^)^ elementary 
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matrices ejj of order M + N satisfying {eij)KL — ^il^jk {I,J,K,L — 1, . . . , M + N). 
One defines the following graded matrices 

/ ^ \ 



G 



ij 



Im 













In 


-In 


. 



if M = 2m 





/ 





I,. 











Im 











Gij = 










1 






\ 









I, 

-In 



if M = 2m + 1 



where Im and I„ are the m x m and n x n identity matrices respectively. 

Dividing the capital indices I, J, . . . into small unbared indices . . . running from 1 

to M and small bared indices ^, J, . . . running from M + 1 to M + N, the generators of 

osp{M\N) are given by 

Eij — GiifGkj GjkCki 
Ey — G:(f.eij + Gjf.ei^ 



Then the E^j (antisymmetric in the indices i,j) generate the so{M) part, the E^j (sym- 
metric in the indices t,j) generate the sp{N) part and Eij transform as the {M,N) rep- 
resentation of osp{M\N). They satisfy the following (super) commutation relations: 



Eij, Eki 



^kl 

Eij , E^i 



GjkEii + GiiEjk — GikEji — GjiE, 



ik 



~Gjj^E^i - G^iEj^ - GjiE^]^ - G^^Eji 





GjkEii — GikEji 
\Ei3^ Ej.1^ = —Gj]^E^i — GjiE^j. 

GikEji — GjfEik 



Eij , Ef^i 



In the case of the superalgebra osp{l\N), the commutation relations greatly simplify. One 
obtains 



Eij, Ell — ~GjiE^i — G^iEji 
\e^, Ej^ = —GyEj;. — G^j.Ej 
{Ei, -Bj} Ejj 
where E^ denote the odd generators. 



GjiEj^ 



GikEji 
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28 Oscillator realizations: Cartan type superalgebras 

Oscillator realizations of the Cartan type superalgebras can be obtained as follows. 
Take a set of 2n fermionic oscillators a~ and af with standard anticommutation relations 

{ar, a"} = {a+, a+} = and {a+, aj} = 6ij 

In the case of the W{ri) superalgebra, one defines the following subspaces: 

^-1 = {a^"o} 

^1 = {a+a+a^J io h 

Gn-i = {a+a+ . . . a+_^a,^} io ^ h ^ . . . i^-i 
the superalgebra W{n) is given by 

w{n) = g, 



with Z-gradation Qi,Qj GQi+j. 

In the case of S{ri) and S{n), defining the following subspaces: 

g-i^{ar} and g'_, ^ {{1 + af . . . a^)ar} 
So^ {atai -a^a- (io 7^ 1), af^a^^ {ii y^ io)} 

(^0 7^1,2), 
(^2 7^ ^1 7^ «o)} 

{«»t«»t(«^«r - ata^o) (^2 7^ ii 7^ io 7^ 1), 
0+0^(0^02 - a+a^J (ii ^ io 7^ 1, 2), 
atatiata-^ - af^aij (io 7^ 1, 2, 3), 

(^3 7^ ^2 7^ «1 7^ «o)} 



^13 "^12 ^ii ^io 



the superalgebra is given by 

n-2 
1=0 
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and the superalgebra S{n) by 



n-2 



i=0 



Finally, in the case of H{n) one defines the following subspaces: 



The superalgebra H{n) is given by 



n— 3 

Hin) = 

i=-i 



For more details, see ref. 34 . 



29 Oscillator realizations: orthosymplectic and unitary series 

Let us consider a set of 2n bosonic oscillators b7 and bf with commutation relations: 



and 



5i 



and a set of 2m fermionic oscillators a~ and with anticommutation relations: 

joj", 07} = {o-o 0./} = and |a~, j = 
the two sets commuting each other: 





Oscillator realization of A{m — l,n — 1) 
Let 

A = I £j - Sj, 5i - 6j, Ei - 6j, -Ei + 5j I 

be the root system of yl(m— 1, n—1) expressed in terms of the orthogonal vectors £1, . . . , 
and 5i, . . . , 5„. An oscillator realization of the simple generators in the distinguished basis 
is given by 



H^ = bib, - 



btbi^, E, 



1 



+1 -£^5^+1-5, 



bt+ibT (1 < z < n - 1) 



Hn = K+iK+1 + ata^ Es„-e, = b+a^ E,^^s„ = a^6„ 

Hn+i = alar - al_-^ar^^ = o-lai+i ^e.+i-e, = al+ia^ (l < i < m - 1) 
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By commutation relation, one finds the realization of the whole set of root generators: 

Eci-cj = at(^-J Es^_s. = bfbj 

Eei-Sj = afbj E_^.+s^ = a;bj 

Oscillator realization of B{m, n) 
Let 

A = { ±ei±ej, ±£j, ±6i±6j, ±25^, ±ei±6j, ±5^ } 

be the root system of B{m, n) expressed in terms of the orthogonal vectors £i, . . . , and 
5i, . . . , An oscillator realization of the simple generators in the distinguished basis is 
given by 



Hi = bibi - bj^^bi^^ 


Es- 




— h^h^ 
1 — 


Es,+i-s, = bt^ibi 


(1 < i 


< n - 


-1) 


Hn = b1^b~ + Oiol 


Es„- 




= btai 


Eei-6^ = afb' 










Es.^ 




1 ~ 




(1 < i 


< m 


-1) 




Et 






= 









where TV = ^-^a+a^. 

By commutation relation, one finds the realization of the whole set of root generators: 

E±ei±ej = afaf E±e,±5.j = o-fbf 

E±5i±5j = bfbf E±25i = (^f )^ 

E,^ = (-irat E_^^ = ai(-1)^ 

Es^^i-int E_s^^b.{-ir 
Oscillator realization of -8(0,72) 

The case B{0,n) requires special attention. The root system of 5(0, n) can be ex- 
pressed in terms of the orthogonal vectors 6i, . . . ,dn and reduces to 



An oscillator reahzation of the generators of B{0,n) can be obtained only with the help 
of bosonic oscillators. It is given for the simple generators by 

Hi = bfbi - 6,^16,^+1 ^5,-5^+1 = 6+6^+1 = bj^^bi (1 < « < n - 1) 

Hn = b^b- + 1 Es^ = b+ E_s„ = b- 

By commutation relation, one finds the realization of the whole set of root generators: 

E±5i±Sj = bfbf E±25i = (bff E±Si = -^bf 
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Oscillator realization of C(n + 1) 
Let 

A = { ± 5, ± 5j, ±25i, ±£ ± 5j } 

be the root system of C(n + 1) expressed in terms of the orthogonal vectors e,6i, . . . ,6n- 
An oscillator realization of the simple generators in the distinguished basis is given by 

Hi = afai + b^bi E^^Si = afbi Es^s = b^ai 

Hi = bfbi - bl^ibr^i Es^-s,^, = bfbi^^ Es^+^-s, = K+iK (2 < i < n) 

H^^i = b+b- + 1/2 E^s. = UK? E^,s. = UK? 

By commutation relation, one finds the realization of the whole set of root generators: 

E±s.±s, = bfbf E^,s. = ibff/2 

Ee±5j = atbf E-£±Sj = bfai 

Oscillator realization of D[m, n) 
Let 

A = { ±ei± Ej, ±6i ± 6j, ±26i, ±ei ± 6j } 

be the root system of D{m, n) expressed in terms of the orthogonal vectors ei, . . . ,em and 
6i, . . . ,6n- An oscillator realization of the simple generators in the distinguished basis is 
given by 





= Kb- - 




Es,-5,+i = h h+i 


Es^+i-s, = bi^ibi 


(1 < i 


< 


Hn 


= b+b- 4- 






Eei-Sn = (^iK 






Hn- 


H ~ (^i 


— af^^a^^i 


Esi-Ei+i = cii o^i+i 


Esi+i-Ei = O'i+iO'i 


(1 < i 


< 


Hn- 


f m ^m— 




Eem-i+em ~ 









By commutation relation, one finds the realization of the whole set of root generators: 



E±ei±ej = flj flj E±si±5j = a-i bj 

« 3 



E^s.±s, = bfbf E^,s. = ibff 



For more details, see refs. @, 0. Note that in ref. oscillator realizations were used 



to analyse supersymmetric structure in the spectra of complex nuclei; the first reference 
of this interesting approach is . 
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30 Oscillator realizations: strange series 



Let us consider a set of 2n bosonic oscillators h, and hf with commutation relations: 



6+ 6+ 



and 



6i 



and a set of 2n fermionic oscillators and af with anticommutation relations: 

|aj",aj| = |aj*",a+| = and ^a^,a^^ = 6ij 
the two sets commuting each other: 

' ' ' 



Oscillator realization of P(n) 



bi , aj 



bj,a,j 



bj,aj 



An oscillator realization of the generators of P{n) is obtained as follows: 

- the generators of the even sl{n) part are given by 

Hi = afar - a+ ^ar^^ + bfbr - b+^-^br^^ with l<i<n~l 
Efj = afaj + bfbj with I < i < j < n 
E~- = afaJ + bfbj with I < j < i < n 

- the generators of the odd symmetric part Qs of P(n) by 

Ffj = bfaf + b+af with l<i^j<n 
F+ = bfbj with l<i<n 

- the generators of the odd antisymmetric part Qa of P{n) by 

Fj~ = b^aj + bjai with I < i j < n 

Oscillator realization of Q{n) 

An oscillator realization of the generators of Q{n) is obtained as follows: 

- the generators of the even sl{n) part are given by 

H, = a+a- - a++iar+i + KK - K+iK+i 
Ei, 



the generator of the U{1) part by 

n 

1=1 

the generators of the odd sl{n) part by 

Ki = afbi - a++i6-+i + bfa' - &++ia,-+i 
Fij = afbj + bfaj 



For more details, see ref. ITT 
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31 Real forms 



Definition : Let Q he & classical Lie superalgebra over C. A semimorphism of ^ is a 
semilinear transformation of Q which preserves the gradation, that is such that 

<P{X + Y) = <P{X) + <PiY) 
(j){aX) = a(j){X) 

l</)(x),0(r)] = 0(ix,ri) 

for all X,Y eg andaeC. 

If is an involutive semimorphism of Q, the superalgebra Q"^ = {X + 0(X) \ X E 
is a real classical Lie superalgebra. Moreover, two involutive semimorphisms (p and (p' 
of Q being given, the real forms Q'^ and Q'^' are isomorphic if and only if and (p' are 
conjugate by an automorphism (^) of Q. 

It follows that the real classical Lie superalgebras are either the complex classical 
Lie superalgebras regarded as real superalgebras or the real forms obtained as subsu- 
peralgebras of fixed points of the involutive semimorphisms of a complex classical Lie 
superalgebra. The real forms of a complex classical Lie superalgebra Q are thus classified 
by the involutive semimorphisms of Q in the automorphism group of Q. One can prove 
that the real forms of the complex classical Lie superalgebras are uniquely determined by 
the real forms of the even part Qq of Q. They are displayed in Table |l6i 

Notice that m,n have to be even for sl{m\n,M.), sl{n\n,M) and HQ{n). We recall 

/ Xn Yn \ 

that su*{2n) is the set of 2n x 2n matrices of the form " " such that Xn,Yn 

\ -^n A„ J 

are matrices of order n and and tr(X„) + tr(X*) = and so*{2n) is the set of 2n x 2n 
fx Y \ 

matrices of the form " such that X„ and Y^ are antisymmetric and hermitian 

complex matrices of order n respectively. 

For more details, see refs. W^. 



32 Representations: basic definitions 

Definition : Let ^ = © ^- be a classical Lie superalgebra. Let V = Vq © Vj be 
a Z2-graded vector space and consider the superalgebra EndV = End^V © EndjV of 
endomorphisms of V. A linear representation vr of ^ is a homomorphism of Q into End V, 
that is, I , ] denoting the superbracket, 

7r(aX) = a7r(X) and 7r(X + Y) = ti{X) + ti{Y) 
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n{lX,Yj)^ln{X),n{Y)] 
7r(^o) C End^V and 7r(^x) C EndjV 
for all X, r G ^ and a e C. 

The vector space V is the representation space. The vector space V has the structure of 
a ^-module by X{v) = 7r{X)v for X G ^ and G V. 

The dimension (resp. superdimension) of the representation tt is the dimension (resp. 
graded dimension) of the vector space V: 

dim TT = dim Vq + dim Vj 
sdim TT = dim Vq — dim Vj 

Definition : The representation tt is said 

- faithful if 7r{X) for all X eQ. 

- trivial if Tr{X) = for all X eg. 

Every classical Lie supcralgebra has a finite dimensional faithful representation. 

In particular, the representation ad : ^ — EndQ {Q being considered as a Z2-graded 

vector space) such that ad {X)Y = {X, Y] is called the adjoint representation of Q. 

33 Representations: exceptional superalgebras 
33.1 Representations of F(4) 

A highest weight irreducible representation of -^"(4) is characterized by its Dynkin labels 
{—>■ Highest weight representations) drawn on the distinguished Dynkin diagram: 

Cbl 0,2 

— o^o — o 

where 02, as, are positive or null integers. 

For the so(7) part, 02 is the shorter root. The sl{2) representation label is hidden by 
the odd root and its value is given by fe = |(2ai — 802 — 4a3 — 204). Since h has to be 
a non-negative integer, this relation implies ai to be a positive integer or half-integer. 
Finally, a F(4) representation with 6 < 4 has to satisfy a consistency condition, that is 



6 = ai — a2 — — — Q 

b—1 not possible 

6 = 2 a2 = 04 = 

6=3 a2 = 2a4 -|- 1 
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The eight atypicahty conditions for the -F(4) representations are the following: 





n 

— u 


or 


I, 

— 


n 
U 




= 02 + 1 


or 


b = 


1 (2 — 02 — 4a3 — 204) 


ai 


= a2 + 2a3 + 3 


or 


b = 


|(6 — a2 — 204) 


ai 


= 02 + 2a3 + 2a4 + 5 


or 


b = 


|(10 - a2 + 204) 


ai 


= 2a2 + 2a3 + 4 


or 


b = 


i(8 + a2-2a4) 


Oi 


= 2a2 + 2a3 + 2a4 + 6 


or 


b = 


1(12 + 02 + 204) 


Oi 


= 2a2 + 4a3 + 2a4 + 8 


or 


b = 


i(16 + 02 + 403 + 204) 


Oi 


= 3a2 + 4a3 + 2a4 + 9 


or 


b = 


|(18 + 3o2 + 403 + 204) 



Moreover, a necessary (but not sufficient) condition for a representation to be typical is 
that 6 > 4. 

The dimension of a typical representation with highest weight A = (oi, 02, 03, 04) is given 
by 

32 

dim V(A) = — (02 + l)(o3 + l)(o4 + l)(o2 + 03 + 2)(o3 + 04 + 2)(o2 + 203 + 3) 
45 

(02 + 03 + 04 + 3)(o2 + 203 + 204 + 5)(o2 + 203 + 04 + 4)(2oi — 3o2 — 4o3 — 204 — 9) 



For more details, see refs. [El, Hlf . 



33.2 Representations of G(3) 

A highest weight irreducible representation of G{3) is characterized by its Dynkin labels 
(— s> Highest weight representations) drawn on the distinguished Dynkin diagram: 

O]^ O2 O3 



where 02, 03 are positive or null integers. 

For the G{2) part, 02 is the shorter root. The sl{2) representation label is hidden by the 
odd root and its value is given by 6 = |(oi — 2o2 — 303). Since b has to be a non- negative 
integer, this relation implies Oi to be a positive integer. Finally, a G{3) representation 
with 6 < 3 has to satisfy a consistency condition, that is 

6 = oi = 02 = 03 = 

b = 1 not possible 

6 = 2 02 = 



47 



The six atypicality conditions for the G{3) representations are the following: 





= 


or 


b = 





ai 


= 02 + 1 


or 


b = 


i(l - 02 - 803) 


ai 


= 02 + 803 + 4 


or 


b = 


1(4-02) 




= 802 + 803 + 6 


or 


b = 


1(6 + 02) 




= 802 + 603 + 9 


or 


b = 


1(4 + 02 + 803) 


ai 


= 4a2 + 603 + 10 


or 


b = 


1(10 + 202 + 803) 



Let us remark that the first condition corresponds to the trivial representation and the 
second one is never satisfied. 

Moreover, a necessary (but not sufficient) condition for a representation to be typical is 
that 6 > 8. 

The dimension of a typical representation with highest weight A = (01,02,03) is given by 

g 

dim V(A) = — (02 + l)(o3 + l)(o2 + 03 + 2)(o2 + 803 + 4)(o2 + 203 + 8) 
15 

(2o2 + 803 + 5)(oi - 2o2 - 803 - 5) 
For more details, see refs. [El, . 



33.3 Representations of Z)(2, 1; q;) 

A highest weight irreducible representation of D{2,l;a) is characterized by its Dynkin 
labels (— s> Highest weight representations) drawn on the distinguished Dynkin diagram: 

O2 Oi O3 

O — — O 

where 02, 03 are positive or null integers. 

The sl{2) representation label is hidden by the odd root and its value is given by 6 = 
Y^(2oi — 02 — 0:03), which has to be a non-negative integer. Finally, a D{2, 1; a) repre- 
sentation with b < 2 has to satisfy a consistency condition, that is 

6 = Oi = 02 = 03 = 

6=1 a(o3 + 1) = ±(02 + 1) 

The four atypicality conditions for the D{2,1; a) representations are the following: 

Oi = or 6 = 

01 = 02 + 1 or 6=^^(2 + 202-0:03) 

oi = 0(03 + 1) or 6 = j^{2a — 02 — 003) 

Oi = 02 + 003 + 1 + a or 6 = y+^{2 + 2a + 02 + 003) 
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The dimension of a typical representation with highest weight A = (ai, a2, 03) is given by 

16 

dim V(A) = (a2 + l)(a3 + l)(2ai - a2 - aa^ - 1 - a) 

1 + a 



For more details, see refs. W? 



34 Representations: highest weight representations 

Let Q = Qq Q) Gj he a basic Lie superalgebra with Cartan subalgebra H and H* be 
the dual of H. We assume that Q 7^ A{n,n) but the following results still hold for 
sl{n + l\n + 1). Let Q = Af~^ © H © A/"^ be a Borel decomposition of Q where A/""*" (resp. 
A/"^) is spanned by the positive (resp. negative) root generators of Q {—>■ Simple root 
systems) . 

Definition : A representation tt : Q ^ EndV with representation space V is called a 
highest weight representation with highest weight A G Ti* if there exists a non-zero vector 
G V such that 

AT+tTa = 

h{v^) = A{h)v^ {h G n) 

The ^-module V is called a highest weight module, denoted by V(A), and the vector 
v\ E V a. highest weight vector. 

From now on, H is the distinguished Cartan subalgebra (-^) of Q with basis of gener- 
ators (i^i, . . . , Hj.) where r = rank^ and denotes the Cartan generator associated to 
the odd simple root. The Dynkin labels are defined by 

Oj = 2y — 'J^lL for i 7^ s and = (A, a^) 

{ai,ai) 

A weight A G Ti* is called a dominant weight if > for all i ^ s, integral if G Z for 
alH 7^ s and integral dominant if G N for alH 7^ s. 

Property: A necessary condition for the highest weight representation of Q with highest 
weight A to be finite dimensional is that A be an integral dominant weight. 



Following Kac (see ref. [Q), one defines the Kac module: 

Definition : Let ^ be a basic Lie superalgebra with the distinguished Z-gradation 
G = ©iez Gi (— > Classical Lie superalgebras) . Let A G 7i* be an integral dominant weight 
and Vo(A) be the ^o-module with highest weight A G 7i*. Consider the ^-subalgebra 
IC = Qo © A/"^ where Af~^ = ®i>oGi. The ^o-module Vo(A) is extended to a /C-module by 
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setting j\/'+Vo(A) = 0. The Kac module V(A) is defined as follows: 

i) if the superalgebra Q is of type I (the odd part is the direct sum of two irreducible repre- 
sentations of the even part), the Kac module is the induced module (— > Representations: 
induced modules) 

V(A)=Ind^ Vo(A) 

a) if the superalgebra Q is of type II (the odd part is an irreducible representation 
of the even part), the induced module Ind^ Vo(A) contains a submodule A4{A) = 
{Q)G'^Vo{A) where ip is the longest simple root of Qq which is hidden behind the odd 
simple root (that is the longest simple root of sp(2n) in the case of osp{m\2n) and the 
simple root of s/(2) in the case of F{4), G{3) and D{2, 1; a)) and b = 2(A, ip) / {ip, ip) is the 
component of A with respect to ip (— > Representations: orthosymplectic superalgcbras, 
exceptional superalgcbras for explicit expressions of b). The Kac module is then defined 
as the quotient of the induced module Ind^ Vo(A) by the submodule A4{A): 

V(A) = Ind^ VoiA)/Uig)gtl'Vo{A) 

In case the Kac module is not simple, it contains a maximal submodule X(A) and the 
quotient module V(A) = V(A)/X(A) is a simple module. 

The fundamental result concerning the representations of basic Lie superalgcbras is 
the following: 

Theorem : 

• Any finite dimensional irreducible representation of Q is of the form V(A) = V(A) /2r(A) 
where A is an integral dominant weight. 

• Any finite dimensional simple ^-module is uniquely characterized by its integral 
dominant weight A: two ^-modules V(A) and V(A') are isomorphic if and only if 
A = A'. 

• The finite dimensional simple ^-module V(A) = V(A)/X(A) has the weight decom- 
position 

V(A) = Va with Vx = {vev\ h{v) = X{h)v, heu} 
35 Representations: induced modules 

The method of induced representations is an elegant and powerful way to construct 
the highest weight representations (— >) of the basic Lie superalgcbras. This section is 
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quite formal compared to the rest of the text but is fundamental for the representation 
theory of the Lie superalgebras. 

Let ^ be a basic Lie superalgebra and /C be a subalgebra of Q. Denote by U{Q) and 
U{)C) the corresponding universal enveloping superalgebras (— >). Prom a /C-module V, it 
is possible to construct a ^-module in the following way. The vector space V is naturally 
extended to a ZY(/C)-module. One considers the factor space U{Q) ®u(K.) V consisting of 
elements of U{Q) ® V such that the elements h® v and 1 ® h{v) have been identified 
for /i e /C and v E V. This space acquires the structure of a ^-module by setting 
g{u <S> v) — gu <S> V ioT u E U{Q), g & G and v &V. 

Definition : The ^-module U{Q) ®u{K.) V is called induced module from the /C-module 
V and denoted by Ind^ V. 

Theorem : Let /C' and K" be subalgebras of Q such that K" d K' d Q . If V is a 
/C"-module, then 

Ind^, (Ind^^, V) = Indg,, V 

Theorem : Let ^ be a basic Lie superalgebra, /C be a subalgebra of Q such that 
Qq <Z K, and V a /C-module. If {/i, . . . , fd} denotes a basis of odd generators of Q /K,, 
then Ind^ V = 0i<ii<...<ij.<d /n ■ ■ ■ fik^ is a direct sum of subspaces and dimlnd^ V = 
2''dimV. 

Example: Consider a basic Lie superalgebra Q of type I (the odd part is the direct 
sum of two irreducible representations of the even part, that is ^ = sl{m\n) or osp(2|2n)) 
with Z-gradation Q = Q_i © © Classical Lie superalgebras). Take for /C the 

subalgebra Go® Gi- Let Vo(A) be a ^o-module with highest weight A, which is extended 
to a /C-module by setting ^iVo(A) = 0. Since = 0, only the completely 

antisymmetric combinations of the generators of Q-i can apply on Vo(A). In other words, 
the ^-module V(A) is obtained by 

where 

dim G—i 
k=0 

is the exterior algebra over Q_i of dimension 2*^ if c? = dim^_i. 

It follows that V(A) is built from Vo(A) by induction of the generators oiQ /K: 

V = U{G.,) Vo = U{G) ®u(,g,®g,) Vo = l^d^^g, Vq 
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Since dim a'^(^_i) = the dimension of V is given by 

dimV(A) = (f) dimVo(A) = 2'^dimVo(A) 
fc=0 \^/ 

while its superdimension (— Representations: basic definitions) is identically zero 

sdimV(A) = Yi-'^f(f] dimVo(A) = 
Let us stress that such a ^-module is not always an irreducible one. 



For more details, see refs. |4 



36 Representations: orthosymplectic superalgebras 

A highest weight irreducible representation of osp{M\N) is characterized by its Dynkin 
labels (— * Highest weight representations) drawn on the distinguished Dynkin diagram. 
The different diagrams are the following: 

• osp{2m + l|2n) with A = (ai, . . . , flm+n) 

o-o — — Q--c4o 

• osp{2\2n) with A = (ai, . . . , a„+i) 

0-1 0'2 O'n Q'n+l 

^--Cn^O 



osp{2m\2n) with A = (oi, . . . , Om+n) 



Q-O — ® — O- 




osp{l\2n) with A = (ai, . . . , a„) 
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Notice that the superalgebra osp{2\2n) is of type I, while the superalgebras osp{2m. + 
l|2n) and osp(2m|2n) are of type II: in the first case, the odd part is the direct sum of 
two irreducible representations of the even part, in the second case it is an irreducible 
representation of the even part. The numbers Oj are constrained to satisfy the following 
conditions: 

ttn is integer or half-integer for osp{2m + l|2n) and osp{2m\2n), 

Oi is an arbitrary complex number for osp{2\2n). 
The coordinates of A in the root space characterize a so{M) ® sp{2n) representation 
(M = 2m ox M — 2m + 1). The so{M) representation can be directly read on the Kac- 
Dynkin diagram, but the longest simple root of sp{2n) is hidden behind the odd simple 
roots. Prom the knowledge of (a„, . . . , a^+„), it is possible to deduce the component h 
that A would have with respect to the longest simple root: 

in the osp{2m + l|2n) case, one has h — an — On+i — ... — am+n-i — \o'm+n 

in the osp{2m\2n) case, one has b ^ Un - a„+i - ... - a„+„_2 - |(am+n-i + dm+n) 
Notice that the number b has to be a non-negative integer. 

The highest weight of a finite representation of osp{M\2ri) belongs therefore to a so{M) ® 
sp{2n) representation and thus one must have the following consistency conditions: 

6 > 

for osp{2m + l|2n), an+b+i — ■ ■ ■ — dn+m — Oiib<m — 1 

for osp{2m\2n), Un+b+i — . . . — an+m — Oiib<m — 2 and an+m-i — dn+m ii b — m — 1 

Wc give hereafter the atypicahty conditions of the representations for the superalgebras of 

the orthosymplectic series. If at least one of these conditions is satisfied, the representation 

is an atypical one. Otherwise, the representation is typical, the dimension of which is given 

by the number dimV(A). 

• superalgebras osp{2m + l|2n) 

The atypicality conditions are 

n j 

XI Ofe 2n - i - j = 

k=i k=n+l 
n j m+n—1 

Y. dk-2 "fc - ^m+n -2m-i + j + 1^0 

k=i k=n+l k=j+l 

with l<i<n<j<m-\-n — 1 
The dimensions of the typical representations are given by 

(Oil dji—l dji ^n+l ^n+m— 1 ^n+m \ 

Q-o — — o--<y^ ) = 
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that is 

dimV(A) =2(2-+!)" JJ i-i + l + Ei=.Qfc j-j j - i + 1 + Ei 

l<i<j<n-l J ~ ^ + 1 n+l<i<j<m+n-l J ~ ^ + 1 

i<4i<n 2n-i-j + 2 

j-j Ei=- Qfc + 2 Efc=/^' »fc + «"^+" + 2m-i-j + l 

n+l<i<j<m+n-l — ^ — J + 1 

• superalgebras osp(2|2n) 
The atypicahty conditions are 

i 

k=2 

i n+1 

ai-^afe-2 ajk-2n + i- l = 

fc=2 k=i+l 

with 1 < i < n 
The dimensions of the typical representations are given by 

ai 02 On dn+l \ / 0,2 Q-n 0„+i 



dim 
that is 



dimV(A) = 2* n "'"^ 

2<i<j<n 3 ^ + 1 

-pj- + . . . + a-j-i + 2aj + . . . + 2a„+i 
2<i<in+i 2n-z-j+4 

• superalgebras osp{2m\2n) 
The atypicahty conditions are 

n j 

H «fc - Ofe + 2n - i - j = 

fe=i fe=n+l 

with l<i<n<j<m-\-n — 1 

n m+n—2 

^cik- '^k- Om+n + n- m- i + l = 

fe=i A;=?i+1 

with 1 <i <n 

n j m+n—2 

Y^k- Yl O.k-2 Y "fc - «m+n-l - Qm+n -2m-i+j + 2 = 

fc=j k=n+l k=j+l 

with l<i<n<j<m + n — 2 
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The dimensions of the typical representations are given by 

di-' Q--0 — — o----(xr 

( J 0,n+m 

0-1 0,71-1 b — m \ /Q-n+l Q,n+m-2 ( ) CLn+m-l 

22mn ^ jjj^ [ Q_ Q / Q | x dim 




and one obtains the same formula for dim V(A) as for osp{2m + l\2n). 
• superalgebras osp{l\2n) 

The superalgebras osp{l\2n) carry the property of having only typical representation (the 
Dynkin diagram of osp{l\2n) does not contain any grey dot). One has 



dimV(A) = n 

l<i<j<n 



tti + . . . + aj + 2(a,-+i + . . . + a„_i) + a„ + 2n - i - j 



n 

l<i<n 



2n — i — j 

2{ai + . . . + a„_i) + an + 2n-2i + l 
2n-2i + l 



Moreover, the representations of osp{l\2n) can be put in a one-to-one correspondence 



with those of so{2n + 1) More precisely, one has 



dim I Q \ | = dim I r-\ r-^^^ 



as well as 



Oi CLn-2 



sdim 



Q--Cn4^ 



)ri-l 



dim 




a„ + 1 



(let us recall that dim V = dim Vq + dim Vj while sdim V = dim Vg — dim V-). 



For more details, see refs. [Ill, O, El, |23, p6| 



37 Representations: reducibility 

Definition : Let ^ be a classical Lie superalgebra. A representation it : Q EndV 
is called irreducible if the ^-module V has no ^-submodules except trivial ones. The Q- 
module V is then called a simple module. Otherwise the representation vr is said reducible. 
In that case, one has V = V © V", V" being a complementary subspace of V in V and the 
^-submodule V is an invariant subspace under vr. If the subspace V" is also an invariant 
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subspace under tt, the representation tt is said completely reducible. The ^-module V is 
then called a semi-simple module. 

Definition : Two representations tt and tt' of Q being given, with representation spaces 
V and V, one defines the direct sum 7r©7r' with representation space V©V' and the direct 
(or tensor) product tt (g) tt' with representation space V V of the two representations. 
The action of the representations vr © tt' and tt © tt' on the corresponding representation 
spaces is given by, ioi X E Q , v E V and if E V: 

(n en') (X)v® if ^7r(X)v ® 7r'(X)if 

(tt ®7r') {X)if ^ if ^ 7r{X)v ^ if + H 7r'{X)if 

The representations tt and tt' of Q being irreducible, the tensor product tt (8) tt' is 
a representation which is in general reducible. Notice however that, contrary to the 
Lie algebra case, in the Lie superalgebra case, the tensor product of two irreducible 
representations is not necessary completely reducible. In fact, one has the following 
theorem: 

Theorem (Djokovic-Hochschild): The only Lie supcralgebras for which all finite di- 
mensional representations are completely reducible are the direct products of osp{l\2n) 
supcralgebras and semi-simple Lie algebras. 



38 Representations: star and superstar representations 



The star and superstar representations of a classical Lie superalgebra arc the gener- 
alization of the hermitian representations of a simple Lie algebra. The importance of 
the hermitian representations for simple Lie algebras comes from the fact that the finite 
dimensional representations of a compact simple Lie algebra are equivalent to hermitian 
representations. 

Let Q = Qq® Qjhe a. classical Lie superalgebra. One can define two different adjoint 
operations as follows. 

Definition : An adjoint operation in Q, denoted by f, is a mapping from Q into Q such 
that: 

i) X EGi X^ EGi for i = 0,T, 

ii) {aX + l3Yy = aX'f + pY^, 



m 



X,Y 



t 



iv) (Xt)t = X, 



where X,Y E G and a, /3 E C. 
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Definition : A superadjoint operation in Q, denoted by is a mapping from Q into Q 
such that: 

i) X eGi X^eg^ for i = 0,T, 

ii) {aX + (3Yy = aX^ + 



m 



X,Y 



iv) {X^Y = (-l)d«s^X, 
where X,Y e G and a, (3 e C. 

The definitions of the star and superstar representations follow immediately. 

Definition : Let ^ be a classical Lie superalgebra and vr a representation of Q acting in 
a Z2-graded vector space V. Then vr is a star representation of Q if vr(X"'') = 7T{Xy and 
a superstar representation of Q if ^iX^) = tt{X)^ for all X & Q. 

The following properties hold: 

Property: 

1. Any star representation tt of ^ in a graded Hilbert space V is completely reducible. 

2. Any superstar representation vr of ^ in a graded Hilbert space V is completely 
reducible. 

3. The tensor product tt ® tt' of two star representations (resp. to superstar represen- 
tations) TT and tt' is a star representation (resp. a superstar representation). 

4. The tensor product n^n' of two star representations tt and vr' is completely reducible. 

Let us emphasize that the last property does not hold for superstar representations (that is 
the tensor product of two superstar representations is in general not completely reducible). 

The classes of star and superstar representations of the classical Lie superalgebras are 
the following: 

- the superalgebra A{m, n) has two classes of star representations and two classes of 
superstar representations. 

- the superalgebras B{m,n) and D{m,n) have two classes of superstar representations. 

- the superalgebra C{n + 1) has either two classes of star representations and two classes 
of superstar representations, or one class of superstar representations, depending on the 
definition of the adjoint operation in the Lie algebra part. 

- the superalgebras -F(4) and ^(3) have two classes of superstar representations. 

- the superalgebra P{n) has neither star nor superstar representations. 

- the superalgebra Q{n) has two classes of star representations. 



For more details, see ref. ||30| 
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39 Representations: typicality and atypicality 



Any representation of a basic Lie superalgebra Q = Sq®Gi can be decomposed into a 
direct sum of irreducible representations of the even subalgebra Qq. The generators asso- 
ciated to the odd roots will transform a vector basis belonging to a certain representation 
of Qq into a vector in another representation of (or into the null vector), while the 
generators associated to the even roots will operate inside an irreducible representation 

of^o- 

The presence of odd roots will have another important consequence in the represen- 
tation theory of super algebras. Indeed, one might find in certain representations weight 
vectors, different from the highest one specifying the representation, annihilated by all the 
generators corresponding to positive roots. Such vector have, of course, to be decoupled 
from the representation. Representations of this kind are called atypical, while the other 
irreducible representations not suffering this pathology are called typical. 

More precisely, let G — Q-Q^Gjhe a, basic Lie superalgebra with distinguished Cartan 
subalgebra H. Let A e H* he an integral dominant weight. Denote the root system of 
^ by A = Aq U Aj. One defines Aq as the subset of roots a e Aq such that a/2 ^ Aj 
and Aj as the subset of roots a e Aj such that 2a ^ Aq. Let po be the half-sum of the 
roots of A^ , Po the half-sum of the roots of A^, pi the half-sum of the roots of Ai", and 
p^ Po- Pi- 

Definition : The representation tt with highest weight A is called typical if 

{A + p,a)^0 for all a eAj 
The highest weight A is then called typical. 

If there exists some a G Aj such that (A + p, a) = 0, the representation vr and the highest 
weight A are called atypical. The number of distinct elements a E Aj for which A is 
atypical is the degree of atypicality of the representation n. If there exists one and only 
one a G Aj such that (A + p,a) = 0, the representation tt and the highest weight A are 
called singly atypical. 

Denoting as before V(A) the Kac module Representations: highest weight rep- 
resentations) corresponding to the integral dominant weight A, one has the following 
theorem: 

Tlicurcm : The Kac module V(A) is a simple ^-module if and only if the highest weight 
A is typical. 
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Properties: 

1) All the finite dimensional representations of B{0,n) are typical. 

2) All the finite dimensional representations of C{n+1) are either typical or singly atypical. 

Let V be a typical finite dimensional representation of Q. Then the dimension of V(A) 
is given by 

dimV(A) = 2<^^-^? n 



and 

dim Vo(A) - dim Vt(A) = if G ^ B{0,n) 

dimVo(A)-dimVT(A)= U i^^±^ = J] (A + P^ Q = B{0,n) 



It follows that the fundamental representations of sl{m\n) and osp{m\n) (of dimension 
m+n) and the adjoint representations of the basic Lie superalgebras Q ^ s/(l|2), osp{l\2n) 
(of dimension dim^) are atypical ones (since dim Vq — dim 7^ 0). 

For more details, see refs. p^ . 

40 Representations: unitary superalgebras 

A highest weight irreducible representation of sl{m\n) is characterized by its Dynkin 
labels {—>■ Highest weight representations) drawn on the distinguished Dynkin diagram. 
The different diagrams are the following: 

0-0 — ® — Q-O 

The numbers constrained: 

are non-negative integer for i = 1, . . . ,m — l,m + 1, . . . ,m + n — 1, 
am is an arbitrary real number. 

For the atypical representations, the numbers a, have to satisfy one of the following 
atypicality conditions: 

3 m-l 

^ afc - ^ Ofc - a„ - 2m + 2 - j = 

k=m+l k=l 

with l<i<m<j<m + n — 1. 
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Otherwise, the representation under consideration is a typical one. Then its dimension 
is given by 

ai + ... + aj+j — i + 1 



dimV(A) = 2(™+i)("+^) n 

l<i<jr<m 



n 

m+2<i<j <m+n+l 



J-l+l 

ai + ... + aj+j-i + l 
3-^ + l 



For more details, see refs. 0, P4 • 



41 Roots, root systems 

Let Q = Qq® Qjhe a. classical Lie superalgebra of dimension n. Let 7i be a Cartan 
subalgebra of Q. The superalgebra Q can be decomposed as follows: 

a 

where 

Qa = {x E Q h,x = a{h)x, h G Tij 

The set 

A = {a G I ^„ ^ 0} 

is by definition the root system of Q. A root a is called even (resp. odd) if H 7^ 
(resp. n ^- 7^ 0). The set of even roots is denoted by Aq : it is the root system of 
the even part Qq of Q. The set of odd roots is denoted by Aj : it is the weight system 
of the representation of Qq in Qj. One has A = Aq U A-. Notice that a root can be both 
even and odd (however this only occurs in the case of the superalgebra Q{n)). The vector 
space spanned by all the possible roots is called the root space. It is the dual Ti* of the 
Cartan subalgebra Ti as vector space. 

Except for A{1,1), P{n) and Q{n), using the invariant bilinear form defined on the su- 
peralgebra Q, one can define a bilinear form on the root space TC* by (ttj, aj) = {Hi, Hj) 
where the Hi form a basis of Ti (— > Cartan matrix, Killing form). 
One has the following properties. 

Properties: 

1. Q(^a=o) = 'H except for Q{n). 

2. dim^« = 1 when a^O except for A{1, 1), P(2), P(3) and Q{n). 

3. Except for A{1, 1), P{n) and Q{n), one has 
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Ga, Gf3 7^ if and only if a, /3, a + /? G A 

if a G A (resp. Aq, A-), then —a G A (resp. Aq, Aj) 
a E A =^ 2a G A if and only if a G A- and (a, a) ^ 



The roots of a basic Lie superalgebra do not satisfy many properties of the roots of a 
simple Lie algebra. In particular, the bilinear form on Ti* has in general pseudo-euclidean 
signature (except in the case of B{0,n)). The roots of a basic Lie superalgebra can be 
classified into three classes: 

- roots a such that {a, a) ^ and la is not a root. Such roots will be called even or 
bosonic roots. 

- roots a such that (a, a) 7^ and 2a is still a root (of bosonic type). Such roots will be 
called odd or fermionic roots of non-zero length. 

- roots a such that (a, a) = 0. Such roots will be called odd or fermionic roots of zero 
length (or also isotropic odd roots). 

The root systems of the basic Lie superalgebras are given in Table fV[ 



superalgebra 


even root system Aq 


odd root system Aj 


A[m — 1, 72 — 1) 


S{ Sj J Si 6j 


±{e, - 6j) 


i?(m, n) 


±ei ± Ej, ±ei, ±5i ± 5j, ±25,, 


±Ei ±5j, ±5i 


B{0,n) 


±5j ± 5j, ±25j 




Cin + 1) 


±5j ± 5j, ±25j 


±E±5i 


0(171, n) 




-±Ei ± 5j 


m 


±(5, zh^i ± Ej, zh^j 


\{±E^±E2±E^±5) 


G(3) 


±25, ±ei, Ei - Ej 


±5, ±Ei±5 


D(2,l;a) 


±2e. 


±Ei ±E2±E^ 



Table IV: Root systems of the basic Lie superalgebras. 

For the superalgebras A{m — 1, n — 1), B{m, n), D{m, n), the indices i ^ j run from 1 to 
m for the vectors E and from 1 to n for the vectors 5. For the superalgebras C{n + 1), the 
indices i ^ j run from 1 to n for the vectors 5. For the superalgebras -F(4), G(3), D{2,l]a), 
the indices i ^ j run from 1 to 3 for the vectors E, with the condition £1 + £2 + ^3 = in 
the case of G{?>) (see Tables ^to ^for more details). 

Cartan matrices, Killing form. Simple root systems. 
For more details, see refs. [Ell, E^l. 
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42 Schur's lemma 



The Schur's lemma is of special importance. Let us stress however that in the super- 
algebra case it takes a slightly different form than in the algebra case |22]. 

Theorem : Let Q = Qq Q) Gj he a basic Lie superalgebra and vr be an irreducible 
representation of ^ in a complex linear vector space V. Let 

C(7r) = {0 : V ^ V I [7r(X), 0] = , VX G ^} 

where G EndV. Then either 

• C(7r) is a multiple of the identity operator I. 

• If dim^Q = dim^-, C(7r) = |l, (t| where a is a non-singular operator in Q permuting 
Qq and Qj. 



43 Serre-Chevalley basis 

The Serre presentation of a Lie algebra consists to describe the algebra in terms of 
simple generators and relations (called the Serre relations), the only parameters being 
the entries of the Cartan matrix of the algebra. For the basic Lie super algebras, the 
presentation is quite similar to the Lie algebra case but with some subtleties. 

Let ^ be a basic Lie superalgebra of rank r with Cartan subalgebra Ti and simple root 
system A*^ and denote by Ef (1 < i < r) the raising/lowering generators associated to 
the simple root system A*^. If r is a subset of/=|l,...,r|, the Z2-gradation is defined 
by degEf = if i ^ r and degi^j^ = 1 if z G r. The defining commutation relations are 



Hi, Hj 



[H^^Ef 
= SijHi for i ^ T 



±aijEf 



{Et,Er} =6,jHi for te 
and the Serre relations read as 

1 CLi-i X ^ 



{adE^y-'^^^Ef = J2 ^ '']{Efy-^^^~''Ef{E^^" 







n=0 



n 



where the matrix A = (dij) is deduced from the Cartan matrix A = (aij) of Q by replacing 
all its positive off-diagonal entries by —1. 

In the case of superalgebras however, the description given by these Serre relations 
leads in general to a bigger superalgebra than the superalgebra under consideration. It is 
necessary to write supplementary relations involving more than two generators, in order to 
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quotient the bigger superalgebra and recover the original one. As one can imagine, these 
supplementary conditions appear when one deals with odd roots of zero length (that is 
an = 0). 

The supplementary conditions depend on the different kinds of vertices which appear 

in the Dynkin diagrams. For the superalgebras A{m,n) with m,n > 1 and B{m^n), 

C{n + 1), D{m,n), the vertices can be of the following type: 
m — 1 m m + 1 m — 1 m m + 1 m — 1 m m + 1 

. — — • • — gt^o • — ®=^=m 

type I type Ila type lib 

m 



m — 1 





m — 1 m m + 1 m — 2m — 1 m m + 1 



lm+1 ^ gt^^ • O 

type III type IV type V 

where the small black dots represent either white dots associated to even roots or grey 

dots associated to isotropic odd roots. 

The supplementary conditions take the following form: 

- for the type I, Ila and lib vertices: 

iadE^)iadE^^,)ie.dE^)E^_, = {adEt,){e.dE^_,){adE^)E^^, = 

- for the type III vertex: 

{e.dE^){^dE^_,,)E^_, - {e.dE^^,){^dE^)E^^, = 

- for the type IV vertex: 

(adE^) {[{e.dE^^,){e^dE^)E^_„ {e.dE^)E^_,]) = 

- for the type V vertex: 

{8.dE^){^dE^_,){adE^){adE^^,){adE^)iadE^__,)E^_, = 

For A{m,n) with m = or n = 0, E{4) and G(3), it is not necessary to impose supple- 
mentary conditions. 



For more details, see refs. \K 26 



44 Simple root systems 



Let Q = Qq(BQj be a basic Lie superalgebra with Cartan subalgebra Ti. and root system 
A = AqUAj. Then Q admits a Borel decomposition Q = A/'^©7^©A/'~ where JV'^ and A/"" 
are subalgebras such that T-C,Af~^ C A/""*" and TC,Af^ C Af^ with dimA/""^ = dimA/"". 
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HQ = H 0Q, Qa is the root decomposition of Q, a root a is called positive if Qa^-^^ 7^ 
and negative if Qa H A/"^ 7^ 0. A root is called simple if it cannot be decomposed into a 
sum of positive roots. The set of all simple roots is called a simple root system of Q and 
is denoted here by A°. 

Let po be the half-sum of the positive even roots, pi the half-sum of the positive odd 
roots and p = po — Pi- Then one has for a simple root Oj, (p, Oj) = aj). In particular, 
one has (p, Oj) = if G with (oj, ctj) = 0. 

We will call B = T-CQ)Af^ a Borel suhalgehra of Q. Notice that such a Borel subalgebra 
is solvable but not maximal solvable. Indeed, adding to such a Borel subalgebra B a 
negative simple isotropic root generator (that is a generator associated to an odd root 
of zero length, Roots), the obtained subalgebra is still solvable since the superalgebra 
s/(l, 1) is solvable. However, B contains a maximal solvable subalgebra Bq of the even 
part Qq. 

In general, for a basic Lie superalgebra there are many inequivalent classes of 
conjugacy of Borel subalgebras (while for the simple Lie algebras, all Borel subalgebras 
are conjugate). To each class of conjugacy of Borel subalgebras of Q is associated a 
simple root system A'^. Hence, contrary to the Lie algebra case, to a given basic Lie 
superalgebra Q will be associated in general many inequivalent simple root systems, up to 
a transformation of the Weyl group W{Q) oiQ (under a transformation oiW{Q), a simple 
root system will be transformed into an equivalent one with the same Dynkin diagram). 
Let us recall that the Weyl group W{Q) of Q is generated by the Weyl reflections u) with 
respect to the even roots: 

(a, a) 

where a G Aq and /9 G A. 

For the basic Lie super algebras, one can extend the Weyl group W{Q) to a larger 
group by adding the following transformations (called generalized Weyl transformations) 
associated to the odd roots of Q 0, For a G Aj, one defines: 

cu„(/5) = /3 - 2^^a if(a,a)^0 
(a, a) 

UaiP) = P + a if (a, a) = and {a, /?) 7^ 

i-^aiP) = P if («, a) = and (a, /?) = 

uja{c() = 

Notice that the transformation associated to an odd root a of zero length cannot be lifted 
to an automorphism of the superalgebra since Ua transforms even roots into odd ones and 
vice-versa, and the Z2-gradation would not be respected. 
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The generalization of the Weyl group for a basic Lie superalgebra Q gives a method 
for constructing all the simple root systems of Q and hence all the inequivalent Dynkin 
diagrams: a simple root system A'^ being given, from any root a G A'^ such that (a, a) = 0, 
one constructs the simple root system Ci;Q,(A°) and repeats the procedure on the obtained 
system until no new basis arises. 

In the set of all inequivalent simple root systems of a basic Lie superalgebra, there is 
one simple root system that plays a particular role: the distinguished simple root system. 

Definition : For each basic Lie superalgebra, there exists a simple root system for which 
the number of odd roots is the smallest one. It is constructed as follows: the even simple 
roots are given by the simple root system of the even part Qq and the odd simple root is 
the lowest weight of the representation Qj of Qq. Such a simple root system is called the 
distinguished simple root system. 

Example: 

Consider the basic Lie superalgebra sZ(2|l) with Cartan generators H, Z and root gener- 
ators E"^, F"^, F"^. The root system is given by A = {±(£1 — S2), ±(^1 — 5), ±(£^2 — S)}. 
One can find two inequivalent Borel subalgebras, namely B' = {H, Z, E'^ , F'^ , F~~} and 
B" = {H, Z, E^ , F+, F^}, with positive root systems A'^ = {^i — £2, £1 — ^,82 — 5} and 
A"^ = {^i — £2) £1 — ^5 —£2 + S} respectively. The corresponding simple root systems are 
A'° = {^i— £2, £2— 5} (called distinguished simple root system) and A"° = {^i — 5, —£2+5} 
(called fermionic simple root system). The fermionic simple root system A"° is obtained 
from the distinguished one A'*^ by the Weyl transformation associated to the odd root 
62 - 5: uJe2~5{£2 - 5) = -£2 + 5 and uj^^_s{£i - £2) = £i-5. 

We give in Table the list of the distinguished simple root systems of the basic Lie 



superalgebras in terms of the orthogonal vectors and 5j. For more details, see ref. |21 



superalgebra Q 


distinguished simple root system A" 


A{m — 1, n — 1) 




— ^2; • • • ; ^n~l ~ ^n; ~ ^1; ^1 " ^2; • • • ; £m-l ~ £m 


B{m, n) 


Si- 


^2-1 ■ ■ ■ -1 ~ 5ni 5n — £li £l ^ £2i ■ ■ ■ i £m-l ~ £m) £m 


B{0,n) 




— ^21 ■ ■ ■ 1 ^n-l — Sn, 


C{n) 




£ - (5i - ^2, • • • , 5n-l - 5n, 25n 


D{m, n) 


5i - ^2, 


• • } ^ni ^1; £l ^2; • • • i £m—l ^mj £m—l + £m 


m 




^{S — El — 62 — £3), £3, £2 ~ £3, £1 — £2 


G(3) 




6 + £3,£i,£2 -£l 


D{2,l;a) 




£1 — £2 — £3, 2£2, 2£3 



Table V: Distinguished simple root systems of the basic Lie superalgebras. 
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45 Simple and semi-simple Lie superalgebras 



Definition : Let Q = Gq (B Gj he a Lie superalgebra. 
The Lie superalgebra G is called simple if it does not contain any non-trivial ideal. The 
Lie superalgebra G is called semi-simple if it does not contain any non-trivial solvable 
ideal. 

A necessary condition for a Lie superalgebra G = Gq (B Gj to be simple is that the 
representation of Gq on Gj is faithful and ^Gj, Gj^ = Gq- If the representation of Gq on Gj 
is irreducible, then G is simple. 

Recall that if ^ is a semi-simple Lie algebra, then it can be written as the direct sum 
of simple Lie algebras Af. A = Q)iAi. It is not the case for superalgebras. However, the 
following properties hold. 



1. If ^ is a Lie superalgebra and X is the maximal solvable ideal, then the quotient ^/X 
is a semi-simple Lie superalgebra. However, opposed to the case of Lie algebras, one 
cannot write here ^ = ^€ X where ^ is a direct sum of simple Lie superalgebras. 

2. If ^ is a Lie superalgebra with a non-singular Killing form, then ^ is a direct sum 
of simple Lie superalgebras with non-singular Killing form. 

3. If ^ is a Lie superalgebra whose all its finite dimensional representations are com- 
pletely reducible, then ^ is a direct sum of simple Lie algebras and osp{l\n) simple 
superalgebras. 

4. Let G = Go®Gihe a. Lie superalgebra such that its even part Gq is a semi-simple Lie 
algebra. Then G is an elementary extension of a direct sum of Lie algebras or one 
of the Lie superalgebras A{n,n), B{m,n), D{m,n), i5(2,l;a), -F(4), G{3), P{n), 
Q{n), Der(5(n) or G{Si, . . . , Sr] L). (For the definition of G{Si, . . . , Sr; L), see ref. 



The elementary extension of a Lie superalgebra G = Gq ® Gj is defined as ^€ X 
where X is an odd commutative ideal and j^j, X> = 0. 



46 Spinors (in the Lorentz group) 

The algebra of the Lorentz group is o(l, 3) whose generators M^,^ = —M^^ satisfy the 



Properties: 



0)- 



For more details, see refs. [^, Q . 
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commutation relations {n,!/ — 0,1, 2, 3) 



where the metric is g^''' = 2(5'^°(5'^° - ^^'^ = diag(l, -1, -1, -1) and g^'^g^^ = 5^. 
If we define Jj = ^Eij^M^'^ and = M°*, we have 




where k = 1, 2, 3 and Sijk is the completely antisymmetric rank three tensor, £123 = 1. 




The finite dimensional irreducible representations of the Lorentz group are labelled by 
a pair of integers or half- integers (m, n). These representations are non-unitary since the 
generators Mj and Nj, can be represented by finite dimensional Hermitian matrices while 
Ji and Ki are not. Because of the relation — -\- N^, the combination m -|- n is the 
spin of the representation. Representations with half-integer spin (resp. integer spin) are 
called spinorial (resp. tensorial) representations. The two representations (1/2,0) and 
(0, 1/2) are the fundamental spinorial representations: all the spinorial and tensorial rep- 
resentations of the Lorentz group can be obtained by tensorialization and symmetrization 
of these. 

The cr* being the Pauli matrices, one has in the representation (1/2, 0) 

Mi = \a' and Ni = Q that is Ji = \a' and Ki = -\a' 

and in the representation (0, 1/2) 

Mi = and Ni = \a' that is Ji = and Ki = ^a' 

The vectors of the representation spaces of the spinorial representations are called (Weyl) 
spinors under the Lorentz group. Define — (I, cr*) and — (I, — cr'). Under a Lorentz 
transformation A(^, a covariant undotted spinor ip^ (resp. contravariant undotted spinor 
•0") transforms as 




Defining Mj = \{Ji + iKi) and = \{Ji — iKi), the Lorentz algebra can be rewritten as: 



Mi, Mj\ = i Eijk Mk 

'Mi, N^ = 



Sf i/jp and ip' 



a 
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where the matrix S is related to the matrix by 

The spinors t/j^ (or ■0°) transform as the (1/2,0) representation of the Lorentz group. 
Under a Lorentz transformation A'^, a covariant dotted spinor ■0<i (resp. contravariant 
dotted spinor ■0'*) transforms as 

^ ^^{S^fa and r ^ {S^~%^^ 
where the matrix S is related to the matrix A^ by 

A(; = |tr((5t)-i^^^-V/.) 

The spinors ipa (or transform as the (0, 1/2) representation of the Lorentz group. 
The relation between covariant and contravariant spinors is given by means of the two- 
dimensional Lcvi-Civita undottcd tensors eai3,s°^ and dotted tensors such that 
Eai3 = e"'^ = -£d/3 = -^"'^ and £i2 = 1: 

r^e^%, iPa^ip%a, r^i^^e^^, i^a^e^^i^^ 

Notice that = (■?/'")* and ipa = (ipa)* where the star denotes the complex conjugation, 

and also e^^ = -(£«/?)*. 

Finally, the rule for contracting undotted and dotted spinor indices is the following: 

ipc = rca = -i^aC and i/;c = 4r = -rca 

The space inversion leaves the rotation generators Jj invariant but changes the sign 
of the boost generators Ki. It follows that under the space inversion, the undotted Weyl 
spinors are transformed into dotted ones and vice- versa. On the (reducible) representation 
(1/2, 0)©(0, 1/2), the space inversion acts in a well-defined way. The corresponding vectors 
in the representation space are called Dirac spinors. In the Weyl representation, the Dirac 
spinors are given by 

Under a Lorentz transformation A(^, a Dirac spinor transforms as 

"^"^^-Iv s{A^j)-^ ) [ r ) - [ s{A^j)-^ r ) 

The generators of the Lorentz group in the (1/2, 0) ® (0, 1/2) representation are given by 
_ I where the matrices are called the Dirac matrices. They satisfy the 

Clifford algebra in four dimensions: 
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One defines also the 75 matrix by 75 = i7°7^7^7^ such that I75, 7^"! — and 7I = I. 

The adjoint spinor ^ and the charge conjugated spinors and of a Dirac spinor 

^' = ^ ^ are defined by ^' = [x"" 'ipa), = ^ ^ — Xa)- The spinors 

^ and are related through the charge conjugation matrix C by = C^*. Moreover, 
one has C'^^^^C — —(7'')*. The six matrices C, 7^*75(7, 75C are antisymmetric and the ten 
matrices 7'^C, H^'^C are symmetric. They form a set of 16 linearly independent matrices. 

A Majorana spinor is a Dirac spinor such that ^ — For such a spinor, there 
is a relation between the two Weyl components: a Majorana spinor ^ has the form 

^ = ^ ^ . In the Majorana representation of the 7 matrices, the components of a 

Majorana spinor arc all real and the 7 matrices arc all purely imaginary. 
The 7 matrices are given, in the Weyl representation, by 



Another often used representation of the 7 matrices is the Dirac representation: 



Finally, in the Majorana representation, one has: 

1 / i(7=^ \ 2 / -aM 3 / -ia^ \ 



2 



47 Strange superalgebras P(n) 

We consider the superalgebra A{n — 1, n — 1) and P{n — 1) the subalgebra of A{n — 
l,n — 1) generated by the 2n x 2n matrices of the form 

[ \ %) 

where A are sl{n) matrices, 5" and A are n x n symmetric and antisymmetric complex 
matrices which can be seen as elements of the twofold symmetric representation ([2] in 
Young tableau notation) of dimension n{n + l)/2 and of the {n — 2)-fold antisymmetric 
representation in Young tableau notation) of dimension n{n — l)/2 respectively. 
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The Z-gradation of the superalgebra P{n — 1) being Q — Q^i ® ® where Qo — sl{n), 
Gi — [2] and G_i = the subspaces Gi satisfy the following commutation relations 



[^0, ^o] C Go 



Go, G±i c G±i 



{Gi, Gi} = {G-1, G-i} = {Gi, G-i} C Go 

The Z-gradation is consistent: Gq — Go and Gj — G-i ® Gi- 

Defining the Cartan subalgebra H as the Cartan subalgebra of the even part, the root 
system A = Aq U Aj of P{n — 1) can be expressed in terms of the orthogonal vectors 

£l , . . . , £n as 

Aq = I aij ^Si- Ej I 

and 

(2 n \ 2 
Si + Ej ^£k) , li = '^£i H^k} 
^ fe=l / ^ fe=l 

Denoting by the Cartan generators, by the even root generators and by E^, Ej 

the odd root generators of P{n — 1), the commutation relations in the Cartan- Weyl basis 

are the following: 

Hk- Eaij = {6ik — Sjk — 5j,fc+l + 5j,k+l)Ea.ij 
Hk, Ep.. — {Sik + Sjk — Si^k+l — ^j,k+l)E(3^■ 
Hk, E-|3^. — —{Sik + Sjk — Si^k+1 — Sj,k+l)E-/3^J 

Hk, Ery. = 2{5ik — 5i^k+l)E^^ 

Eaij,Ea^^\^ = SjkEan - SuE, 



E .. 

Otij ^ OC'ij 

Eaij,Ef3i^^ 
Eaij , E^p^j 



Jjk^au 

-HHk 

k=i 



k=i 

^ i ^jkEf3,i + SjiEp.^ if 7^ {k, I) 
\ E,^ ii{t,j) = {k,l) 







■SikE-0.^ + SiiE_p.^ if (i, j) ^ {k, I) 

if {i,j) = {k,l) 



{E-f3ij,Ejl^} - -SikEa^. + SjkEai^. 

r P p \ / -SikEa^i + SiiEa^i^ - SjkEau + SjiE^i^^ 



if 

if (i,j) = (A;,0 
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Let us emphasize that P{n) is a non-contragredient simple Lie superalgebra, that is 
the number of positive roots and the number of negative roots are not equal. Moreover, 
since every bilinear form is identically vanishing in P{n), it is impossible to define a non- 
degenerate scalar product on the root space. It follows that the notions of Cartan matrix 
and Dynkin diagram are not defined for P{n). However, using an extension of P{n) by 
suitable diagonal matrices, one can construct a non- vanishing bilinear form on the Cartan 
subalgebra of this extension and therefore generalize in this case the notions of Cartan 
matrix and Dynkin diagram. 

—>■ Oscillator realization of the strange super algebras. 



For more details, see ref. ||TT 



48 Strange superalgebras Q{n 



We consider the superalgebra sl{n\n) and Q{n — 1) the subalgebra of sl{n\n) generated 
by the 2n x 2n matrices of the form 

where A and B are sl{n) matrices. The even part of the superalgebra Q{n — 1) is the Lie 
algebra Qq = sl{n) © f/(l) of dimension and the odd part is the adjoint representation 
Qj of sl{n) of dimension — 1. The even generators of are divided into the sl{n) 
Cartan generators Hi with 1 < i < n — 1, the U{1) generator Z and the n{n — 1) root 
generators Eij with 1 < i 7^ j < n of sl{n). The odd root generators of Q- are also divided 
into two parts, Fij with 1 < i ^ j < n and Ki with 1 < i < n — 1. This superalgebra 
Q{n — 1) is not a simple superalgebra: in order to obtain a simple superalgebra, one 
should factor out the one-dimensional center, as in the case of the sl{n\n) superalgebra. 
We will denote by Q{n — 1) the simple superalgebra Q{n — l)/f/(l). 

Following the definition of the Cartan subalgebra (— ^), the strange superalgebra Q{n — 
1) has the property that the Cartan subalgebra Ti does not coincide with the Cartan 
subalgebra of the even part sl{n), but admits also an odd part: H H Qj ^ 0. More 
precisely, one has 

Ti. = © Tij 

where is spanned by the Hi generators and Tij by the Ki generators (1 < i < n — 
1). However, since the Ki generators are odd, the root generators Eij and Fij are not 
eigenvectors of Ti-. It is convenient in this case to give the root decomposition with 
respect to TIq = HHQq instead of H. The root system A of Q{n — 1) coincide then with 
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the root system of sl{n). One has 

^ = ^0 ® = '^0 ® ( ^a) with dim ^(a^o) = 2 and dim ^(a=o) = n 

aeA 

Moreover, since dim^afl^Q 7^ and dim^^n^Y 7^ for any non-zero root a, the non-zero 
roots of Q{n — 1) are both even and odd. 

Denoting by Hi the Cartan generators, by E^j the even root generators and by F^j the 
odd root generators of Q{n), the commutation relations in the Cartan- Weyl basis are the 
following: 







ra-1 



k=l 



n—l n—1 
k=i k=i+\ 



Hu F - 



i^ik — Sjk — (^i,k+l + ^j,k+l)Eij 
i^ik — 5jk — <^i,fe+l + 5j,k+l)Fij 
[-f^fe, -E'ij] — i^ik — Sjk — Si,k+1 + ^3,k+l)Fij 

jiCfc, Fjjj = {5ik + 5jk — 5i^k+i — Sj,k+i)Eij 
[Eij, Eki] = 6jkEu - 6iiEkj 7^ {k, I) 

Eij,Eji —y^Hk 

k=i 

Eij, Fki\ = SjkFii - SiiFkj {k, I) 

i-i 

k=i 

{Fij, Fki} = SjkEii + 5iiEkj (i, 3) ^ (k, I) 

2 / n— 1 n—l 

-\2Y,kHk-nY,Hk 



|Fjj,Fjj| - -Z + — 



n—l 

n^Hk 

k=j 



Cartan subalgebras. Oscillator realization of the strange super algebras. 



49 Subsuperalgebras (regular) 

Definition : Let ^ be a basic Lie superalgebra and consider its canonical root decom- 
position 
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where ?i is a Cartan subalgebra of Q and A its corresponding root system 

A subsuperalgebra Q' of Q is called regular (by analogy with the algebra case) if it has 

the root decomposition 

g' = n'(B g'^, 

a'eA' 

where Ti' G Ti and A C A'. The semi-simplicity of Q' will be insured if to each a' G A' 
then —a' G A' and Ti' is the linear closure of A'. 

The method for finding the regular semi-simple sub (super) algebras of a given basic 
Lie superalgebra Q is completely analogous to the usual one for Lie algebras by means of 
extended Dynkin diagrams. However, one has now to consider all the Dynkin diagrams 
associated to the inequivalent simple root systems. For a given simple root system A° 
of one considers the associated Dynkin diagram. The corresponding extended simple 
root system is A*^ = A° U {^} where ^ is the lowest root with respect to A°, to which 
is associated the extended Dynkin diagram. Now, deleting arbitrarily some dot(s) of the 
extended diagram, will yield to some connected Dynkin diagram or a set of disjointed 
Dynkin diagrams corresponding to a regular semi-simple sub (super) algebra of Q. Indeed, 
taking away one or more roots from A°, one is left with a set of independent roots which 
constitute the simple root system of a regular semi-simple subsuperalgebra of Q. Then 
repeating the same operation on the obtained Dynkin diagrams - that is adjunction of a 
dot associated to the lowest root of a simple part and cancellation of one arbitrary dot 
(or two in the unitary case) - as many time as necessary, one obtains all the Dynkin 
diagrams associated with regular semi-simple basic Lie sub (super) algebras. In order to 
get the maximal regular semi-simple sub(super)algebras of the same rank r of only the 
first step has to be achieved. The other possible maximal regular subsuperalgebras of Q if 
they exist will be obtained by deleting only one dot in the non-extended Dynkin diagram 
of Q and will be therefore of rank r — 1. 

The table presents the list of the maximal regular semi-simple sub (super) algebras 
for the basic Lie super algebras. 

— > Cartan subalgebras, Dynkin diagrams. Roots, Simple and semi-simple Lie superal- 
gebras. 



For more details, see ref. |^ 



50 Subsuperalgebras (singular) 



Definition : Let ^ be a basic Lie superalgebra and Q' a subsuperalgebra of Q. Q' is 
called a singular subsuperalgebra of Q' if it is not regular (— ^). 
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superalg. 


subsuperalgebra 


superalg. 


subsuperalgebra 


A{m, n) 


A{i,j) © A{m -i-l,n-j-l) 

Am © An 


C(n + 1) 


Ci © C{n -i + l) 


B{m., n) 


B{i,j)®D{m-i,n-j) 

-Bm © Cn 

D{m, n) 


D{m, n) 


D{i,j)®D{m-i,n-j) 

Djn © Cn 

A{m — 1, n — 1) 


G{3) 


Ai®G2 
A ©5(1,1) 
A2 © 5(0, 1) 
A(0 2) 
D(2.h3) 
G(3) 


m 


Ai ©53 
A2®A{0,1) 

©D(2,l;2) 
A(0 3) 
C{3) 

m 


D{2,l;a) 


^1 © Ai © Ai 
A{0, 1) 
D{2,l;a) 







Table VI: Maximal regular sub (super) algebras of the basic Lie superalgebras. 



Some of the singular subsupcr algebras of the basic Lie superalgebras can be found 
by the folding technique. Let ^ be a basic Lie superalgebra, with non-trivial outer au- 
tomorphism (Out(^) does not reduce to the identity). Then, there exists at least one 
Dynkin diagram of Q which has the symmetry given by Out(^). One can notice that 
each symmetry r described on that Dynkin diagram induces a direct construction of the 
subsuperalgebra Q' invariant under the Q outer automorphisms associated to r. Indeed, 
if the simple root a is transformed into r(a), then |(a + r(a)) is r-invariant since = 1, 
and appears as a simple root of Q' associated to the generators + E^-i^a), the generator 
Ea (resp. corresponding to the root a (resp. T{a)). A Dynkin diagram of Q' will 

therefore be obtained by folding the Z2-symmetric Dynkin diagram of Q, that is by trans- 
forming each couple (a, T{a)) into the root ^{a + t(q;)) of Q'. One obtains the following 
invariant subsuper algebras (which are singular): 



superalgebra^ 


singular subsuperalgebra^' 


sl{2m + l\2n) 


osp{2m + 1 2n) 


sl{2m\2n) 


osp{2m\2n) 


osp(2m 2n) 


osp{2m — 1 2n) 


osp{2\2n) 


osp{l\2n) 
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51 Superalgebra, subsuperalgebra 



Definition : Let A be an algebra over a field K of characteristic zero (usually K = M or 
C) with internal laws + and ■. One sets Z2 = Z/2Z = {0, 1}. A is called a superalgebra 
or Z2-graded algebra if A can be written into a direct sum of two spaces 
such that 

Elements X e Aq are called even or of degree degX = while elements X e Aj are 
called odd or of degree degX = 1. 

One defines the Lie superbracket or supercommutator of two elements X and Y by 

X,Yj^ X -Y - (_l)degX.degyy . 

A superalgebra A is called associative if {X-Y)-Z = X-{Y -Z) for all elements X, F, Z e A. 
A superalgebra A is called commutative if X • y = F • X for all elements X,Y ^ A. 

Definition : A (graded) subalgebra /C = /Cq ® /Cj of a superalgebra ^ = ® is a 
non-empty sei K, <Z A which is a superalgebra with the two composition laws induced by 
A such that /Cq C Aq and ICj C Aj. 

Definition : A homomorphism $ from a superalgebra A into a superalgebra A! is a 
linear application from A into A! which respects the Z2-gradation, that is ^{Aq) C A!-^ 
and ^{A-) C 

Let A and be two superalgebras. One defines the tensor product A®A'oi the two 
superalgebras by 

(Xi ® X0(X2 ® X'^) = (-l)'i^sX2.degX( ^^^^^ ^ ^/^/) 

if Xi, X2 e ^ and x;, X^ e A!. 
— > Lie Superalgebras. 



52 Superalgebra osp{l\2) 

The superalgebra osp(l|2) is the simplest one and can be viewed as the supersymmetric 
version of sl{2). It contains three bosonic generators , E~ , H which form the Lie algebra 
sl{2) and two fermionic generators F'^,F~, whose non- vanishing commutation relations 
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in the Cartan-Weyl basis read as 



±E' 



E^,F^ 



2 



E'^,E 



2H 



±\E^ 



The three-dimensional matrix representation (fundamental representation) is given by 





H 




E' 






1 


^ 




1 



















E- = 


1 














Oy 




lo 

















\ 














1 

2 










1 

2 








) 









The quadratic Casimir operator is 

C2 = H'^ + \{E+E- + E-E+) - {F+F~ - F' F+) 

The superalgebra osp{l\2) reveals many features which make it very close to the Lie 
algebras. In particular, one has the following results for the representation theory: 

1. All finite dimensional representations of osp{l\2) are completely reducible. 

2. Any irreducible representation of osp(l|2) is typical. 

3. An irreducible representation TZ of osp(l|2) is characterized by a non-negative inte- 
ger or half-integer j = 0, 1/2, 1, 3/2, . . . and decomposes under the even part s/(2) 
into two multiplets TZj = Dj © -Dj_i/2 for j ^ 0, the case j = reducing to the 
trivial one- dimensional representation. The dimension of an irreducible representa- 
tion IZj of osp(l|2) is 4j + 1. The eigenvalue of the quadratic Casimir Ci in the 
representation T^j is j(j + |). 



4. The product of two irreducible osp(l|2) representations decomposes as follows: 
J taking integer and half-integer values. 



•J2 



i=ii+i2 
i=\h-h\ 



— > Casimir invariants. Decomposition w.r.t. osp(l|2) subalgebras, Embeddings of 
osp(l|2). 

For more details, see refs. pO| . 
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53 Superalgebra s/(l|2) 

The superalgebra s/(l|2) ~ s/(2|l) is the (N=2) extended supersymmetric version 
of si (2) and contains four bosonic generators , E~ , H, Z which form the Lie algebra 
sl{2) © U (1) and four fermionic generators F+, F~, F+, F~, whose commutation relations 
in the Cartan-Weyl basis read as 



H, E^] = ±E^ 

Z, E^] = 

[e^,f^] = =0 
{f±,f±} = {f±,f±} = o 



H, F^ 



2 



1 E^i 



±^F 

2 



2-' 



?± 



Z, F± 

{f^,f^} = {f^,f^} 



2-' 



Z, 



± 



The three-dimensional matrix representation (fundamental representation) is given by 



F+ 




Z^ 



F^ 




E+^ 



F- 




E- = 



F- 



1 ° 








1 
























(" 





1 


\ 









The quadratic and cubic Casimir operators are 

C2 = //^ - + E-E^ + - 

C3 = {H'^ - Z'^)Z + E-E+{Z -\)- lF-F+{H -3Z + 1) 
-\F-F+{H + 3Z + 1) + \E-F+F+ + \F-F-E+ 

The irreducible representations of sZ(l|2) are characterized by the pair of labels (6, j) 
where j is a non-negative integer or half-integer and h an arbitrary complex number. The 
representations 7r(6, j) with h ^ ±j are typical and have dimension 8j. The representations 
7r(±j, j) are atypical and have dimension 4j + 1. In the typical representation 7r{b,j), the 
Casimir operators C2 and C3 have the eigenvalues C2 = — 6^ and C3 = — 6^) while 
they are identically zero in the atypical representations 7r(±j, j'). 

The typical representation 7r(6,j) of sl{l\2) decomposes under the even part sl{2) ® 
U{1) for J > 1 as 



7r(6, j) = Dj{b) © i?,-i/2(6 - 1/2) © Dj_i/2{b + 1/2) © D,_i(6) 
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the case j — j reducing to 

7r(6, i) = Di/2(6) © Do{b - 1/2) © Do{b + 1/2) 

where Dj{b) denotes the representation of sl{2) © C/(l) with isospin j and hypercharge b. 

The irreducible atypical representations n±{j) = 7r(±j, j) of sZ(l|2) decompose under 
the even part sl{2) © U{1) as 

7r_(j)=^.(-i)®^.-i/2(-i-l/2) 

The not completely reducible atypical representations of s/(l|2) decompose as semi- 
direct sums of s/(l|2) irreducible (atypical) representations. They are of the following 
types: 

7r±(j; J - 1/2) = 7r±(j)5 7r±(j - 1/2) 
7r±(i - 1/2; j) = 7r±(j - 1/2)5 7r±(i) 

7r±(i - l/2,j + 1/2; j) = 7r±(j - l/2)B7r±(j)€ 7r±(j + 1/2) 
vr±(j; J - 1/2. J + 1/2) = 7r±(j - l/2)s 7r±0> 7r±(j + 1/2) 
7r±(j, J ± 1; J ± 1/2; J ± 3/2) = 7r±(j)5 vr±(j ± l/2)€ 7r±(j ± 1)b 7r±(j ± 3/2) 

..a;,-l/2,, + l/2;,)..,(,)^^^|^;;/2)^.^^^^ 

where the symbol 5 (resp. C ) means that the representation space on the left (resp. on 
the right) is an invariant subspace of the whole representation space. 

It is also possible to decompose the sZ(l|2) representations under the superprincipal 
osp(l|2) subsuperalgebra of sZ(l|2) (— > Embeddings of osp(l|2)). One obtains for the typ- 
ical representations 7r{b,j) — TZj ©7^j_i/2 and for the irreducible atypical representations 
7r±(j) = TZj where TZj denotes an irreducible osp(l|2)-representation. 

We give now the formulae of the tensor products of two s/(l|2) representations n{bi,ji) 
and 7r(62 , ^2) • In what follows, we set b — bi-\-b2, j = ji +32 and J = | ji — j2 1 • Moreover, the 
product of two irreducible representations will be called non-degenerate if it decomposes 
into a direct sum of irreducible representations; otherwise it is called degenerate. 

• product of two typical representations 
The product of two typical representations 7r(6i, ji) and 7r(62, J2) is non-degenerate when 
b 7^ ±(j — n) for n = 0, 1, . . . , 2 min(ji, J2) • It is then given by 

2min(jij2) 2 min(jri ,j2)-l 

7r(6i,ji) «)7r(62,j2) = n(b,j-n) 7r(b,j-n) 

n=0 n=l 
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2min(jij2)-l 

+ © 7r(6-i,j-|-n) 

n=0 

7r(6i,ji)®7r(&2,|) =7r(6,ji + |) © 7r(6, ji - |) ® 7r(6 + |,ji) ® 7r(6-|,ii) 

7r(6i,i)®7r(62,|) =7r(6,l) © 7r(6 + i,i) ® 7r(6-i,i) 

When the product is degenerate, one has 
if 6 = ±j 

7r(6, j) © 7r(6 ^ 1/2, j - 1/2) is replaced by 7r±(j - 1/2; j - 1, j; j - 1/2) 
if 6 = ±j ^ 

7r(6, j) © 7r(6 ± 1/2, j+ 1/2) is replaced by 7r±(j; j - 1/2, j + 1/2; j) 
if 6 = j=0 

7r(6 + 1/2, 1/2) © Ti{b - 1/2, 1/2) is replaced by 7r(0; -1/2, 1/2; 0) 
if 6 = ±(j — n) for n = 1, . . . , 2 min(ji, j2) 

7r(6 ± 1/2, j + 1/2 - n) © 7r{b, j - n) ® 7r{b, j - n) ® 7r{b ^ 1/2, j - 1/2 - n) 
is replaced by 7r±{j — 1 /2 — n; j — 1 — n, j — n; j — 1 /2 — n) 
© 7r±(j -n;j - 1/2 - nj + 1/2 -n;j - n) 

• product of a typical with an atypical representation 
The non-degenerate product of a typical representation 7r(6i,ji) with an atypical one 
7r±(i2) (&2 = ±J2) is given by 

2min(jij2)-l 

7r{b,j-n) © 7r(6±i,j-i-n) 

n=0 

if Ji < j2 

2min(ji J2)-1 

7T{b,j-n) © 7r(6±i,j-i-n) © 7r(6, |ji - J2I) 

n=0 

if ji > 32 



7r(6i, ji) ® 7r±(j2) = < 



When the product 7r(6i,ji) ® ^^+{32) is degenerate, one has 

if 6 = -(j - n) forn = 0, 1, . . . , 2 min(ji, ^2) - 1 

7r(6, j — n) © 7r(6 + 1/2, j — 1/2 — n) is replaced by 
7r±(j - 1/2 - n; j - 1 - n, j - n-J - 1/2 - n) 

if 6 = j - n for n = 1, . . . , 2 min(ji, ja) 

7i{b,j — n) © 7r(6 + 1/2, j + 1/2 — n) is replaced by 
7r±(j -n-J - 1/2 -nj + 1/2 -n;j - n) 
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The case of the degenerate product 7r(6i, ji) vr_(j2) is similar. 

• product of two atypical representations 
The product of two atypical representations vr-i-(ji) and vr-|-(j2) is always non-degenerate. 
It is given by 

2min(jij2)-l 

vr±(ji) ® vr±(j2) = 7r±(j) © 7r(±(j + |), J - | - n) 

n=0 

2min(iij2)-l f Vr(ji - js, jl " ^2) if jl > 32 

T^UiJi) ® 7r(-j2, J2) = 7r(ji - j2, j - ^) © < 7r(ji - js, j2 - Jl) if ji < J2 

-=o [ (0) if Jl =J2 

— *• Casimir invariants, Decomposition w.r.t. s/(l|2) subalgebras, Embeddings of sZ(l|2). 
For more details, see refs. [^, 



54 Superconformal algebra 



For massless theory the concept of Fermi-Bose symmetry or supersymmetry requires 
the extension of the conformal Lie algebra including the generators of the supersymmetry 
transformations Qa, Sa which transform bosonic fields into fermionic ones and vice- versa. 
The conformal algebra in four space-time dimensions is spanned by the 15 generators M^^^, 
Pf^, and D (with the greek labels running from to 3). The generators M^^ and 
span the Poincare algebra and their commutation relations are given in " Supersymmetry 
algebra" (— >), while K^^ and D are respectively the generators of the conformal transfor- 
mations and of the dilatation. The commutation relations of the = 1 superconformal 
algebra read as (the metric is g^i, = diag(l, —1, —1, —1)): 



DM, 



D,Qa -- 



= 
= 





^tiu)aQb 



{Qa, Sb} = (S^,C),feM^'^ + 2lCabD 
+3z(75C)a6F 



Y,Qa 



^MaQb 

= Y,D = 



P ^ 

/X) >-'a 

Kfj,, Sa 
D,Sa -- 
{Sa, Sb^ 



flU J 



-IP^ 



^IJ.u)aSb 



= 

2'^sa 

-- 2{^^C)abK'^ 



Y, Sa 

Y.P„ 



-^(75; 

YK, 



bq 
a 'Jb 
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where 7 are the Dirac matrices in Majorana representation, C is the charge conjugation 
matrix and Y is the generator of the (chiral) U{1). The transformations of Qa and Sa 
under M^y show that the Qa and Sa are spinors. The superconformal algebra contains 
the super-Poincare as subsuperalgebra, however in the conformal case the are no central 
charges for > 1. 

Let us emphasize that the superconformal algebra is isomorphic to the simple Lie 
superalgebra su{2,2\N), real form of sZ(4|A^). 

Spinors, Supersymmetry algebra. 



For more details, see refs. [44 



55 Supergroups 



In order to construct the supergroup or group with Grassmann structure associated 
to a (simple) superalgebra A = Aq®A-, one starts from the complex Grassmann algebra 
(^) r(n) of order n with n generators 1, 61, . . . ,6n satisfying |6'j, = 0. The element 



V 



E E 

m>0 ii<...<in 



is called even (resp. odd) if each complex coefficient r]i^ i^ in the above expression of 77 
corresponds to an even (resp. odd) value of m. As a vector space, one decomposes r(n) 
as r(n) = r(?7,)Q © r(?7,)Y with T{n)-Q (resp. T{n)j) made of homogeneous even (resp. odd) 
elements. 

The Grassmann envelope A{T) of A consists of formal linear combinations J2iVi(^i 
where {a,} is a basis of A and rji G T{n) such that for a fixed index i, the elements and 
rji are both even or odd. The commutator between two arbitrary elements X = J2i Vi^^i 



X^ij Vi Vj 



Oj, Qjj 



where 



means 



and Y = Y^j Vj'^j is naturally defined by X, Y 
the supercommutator in A. This commutator confers to the Grassmann envelope A{r) 
of ^ a Lie algebra structure. 

The relation between a supergroup and its superalgebra is analogous to the Lie alge- 
bra case: the supergroup A associated to the superalgebra A is the exponential mapping 
of the Grassmann envelope A{r) of A, the even generators of the superalgebra A corre- 
sponding to even parameters (that is even elements of the Grassmann algebra) and the 
odd generators of A to odd parameters (that is odd elements of the Grassmann algebra). 

The above approach is due to Berezin. In particular, the case of osp{l\2) is worked 
out explicitly in ref. 0. On classical supergroups, see also refs. |^ p2| . 

Grassmann algebras. 



81 



56 Supergroups of linear transformations 




Let r = Fq © be a Grassmann algebra {—*) over a field K = R or C and consider 
the set of {m + n) x [m + n) even supermatrices (-^) of the form 

M = 

where A, B, C, D are mxm, mxn, nxm and nxn submatrices respectively, with even 
entries in Fq for A, D and odd entries in F- for B, C. 

The general linear supergroup GL{m\n\M) is the supergroup of even invertible super- 
matrices M , the product law being the usual matrix multiplication. 

The transposition and adjoint operations allow us to define the classical subsuper- 
groups of GL{m\n]%) corresponding to the classical superalgebras. 

The special linear supergroup SL{m\n; K) is the subsupergroup of supermatrices M G 
GL(m|n;K) such that sdet(M) = 1. 

The unitary and superunitary supergroups U{rn\n) and sU{m\n) are the subsuper- 
groups of supermatrices M G GL{m\n; C) such that MM'^ = 1 and MM'^ = 1 respectively 
(for the notations f and \, — > Supermatrices). 

The orthosymplectic supergroup OSP{m\n; K) is the subsupergroup of supermatrices 
M e GL{m\n; K) such that M'^HM = H where (n = 2p) 

/ I, ~ 




H = \ ^ ^ 1 and ^2p 



V 

-\ 



The compact forms are U SL{m\n) and sOSP{m\n), subsupergroups of supermatrices 
M e GL{m\n;C) such that sdet(M) = 1, MiVft = 1 and M'^HM = H, MM^ = 1 
respectively. 

Finally the strange supergroups are defined as follows. The supergroup P{n) is the 
subsupergroup of supermatrices M e GL{n\n] K) such that sdet(M) = 1 and MS2nM'^''^ = 

with defined above. The supergroup Q{n) is the subsupergroup of supermatrices 
M e GL{n\n;K) with A = D and B = G such that trln((A - B)-\A + B)) = 0. 



For more details, see ref. 34 . 



57 Supermatrices 

Definition : A matrix M is called a complex (resp. real) supermatrix if its entries have 
values in a complex (resp. real) Grassmann algebra F = Fq©Fy. More precisely, consider 
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the set of {m + n) x {p + q) supermatrices M of the form 




where A, B, C, D are m x p, m x q, n x p and n x q submatrices respectively. The 
supermatrix M is caUed even (or of degree 0) ii A^D e Fq and B,C & Tj, while it is 
called odd (or of degree 1) if A,D e Tj and B,C & Tq. 

The product of supermatrices is defined as the product of matrices: M and M' being 
two (m + n) X (p + q) and (p + ?) x (r + s) supermatrices, the entries of the (m + n) x (r + s) 
supermatrix MM' are given by 



Since the Grassmann algebra T is associative, the product of supermatrices is also asso- 
ciative. 

Prom now on, we will consider only square supermatrices, that is such that m — p and 
n — q. The set of (m + n) x (m + n) complex (resp. real) square supermatrices is denoted 
byM(m|n;C) (resp. M(m|n;R)). 

A square supermatrix M is said to be invertible if there exists a square supermatrix 
M' such that MM' — M'M — I where / is the unit supermatrix (even supermatrix with 
zero off-diagonal entries and diagonal entries equal to the unit 1 of the Grassmann algebra 



Definition : The general linear supergroup GL{m\n] C) (resp. GL(m|n; R)) is the super- 
group of even invertible complex (resp. real) supermatrices, the group law being the 
product of supermatrices. 

The usual operations of transposition, determinant, trace, adjoint are defined as follows 
in the case of supermatrices. 

Let M e M(m|n; C) be a complex square supermatrix of the form 



kj 



k=l 



r). 




The transpose and supertranspose of M are defined by: 




transpose 




supertranspose 
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Explicitly, one finds 



It follows that 



(At ft \ 

_Bt j^t if Mis even 



mrr-[^c d) 

but {MNY ^ N^MK 

The supertrace of M is defined by 

One has the following properties for the supertrace: 

str(M + N)^ str(M) + str(Ar) if deg M = deg 
str(MA^) = {-lf''^^-'^^^^siY{M)str{N) 
str(M^*) = str(M) 

If M is even invertible, one defines the superdeterminant (or Berezinian) of M by 

, dQiiA- BD-^C) det(A) 

^"^'f^' = AeUD) = det(D-CA-'B) 

Notice that M being an even invertible matrix, the inverse matrices A"^ and exist. 
One has the following properties for the superdeterminant: 

sdet (MiV) = sdet(M) sdet(iV) 
sdet(M^*) = sdet(M) 
sdet(exp(M)) = exp(str(M)) 

The adjoint operations on the supermatrix M are defined by 

Mt = (M*)* adjoint 

= (M^*)* superadjoint 
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One has 

{MNy = N^M^ 

(Mt)t = M and (M*)^ = M 
sdet(Mt) = sdet(M) = (sdet(M))* 

where the bar denotes the usual complex conjugation and the star the Grassmann complex 
conjugation Grassmann algebra). 

—>■ Supergroups of linear transformations. 



For more details, see refs. 34 



58 Superspace and superfields 

It is fruitful to consider the supergroup associated to the supersymmetry algebra, the 
super-Poincare group. A group element g is then given by the exponential of the super- 
symmetry algebra generators. However, since Qa and Qa are fermionic, the corresponding 
parameters have to be anticommuting {—>■ Grassmann algebra). More precisely, a group 
element g with parameters x'^, u'^'', 6°' is given by 

r) = exp z(x^P^ + Icu'^'^M^, + O^Q^ + Q^^) 

One defines the superspace as the coset space of the super-Poincare group by the Lorentz 
group, parametrized by the coordinates x'^,6°',6°' subject to the condition = {6°')*. 
The multiplication of group elements is induced by the supersymmetry algebra: 

gix^, r , n g{y^, C, C) = 9{x^ + + ^Oa^C - <^^^, ^ + C, ^ + 
If group element multiplication is considered as a left action, one can write infinitesimally 

9{y', c, n 9{x^, n = [i - ^y^p, - ^cQa - ^CaQ"] 9{x^, n 

where the differential operators 



Qa=t^- {cr^0)ad, and Qa = -i^ + {ea^)^d. 



are the supersymmetry generators of the supersymmetry algebra (— >). 

If group element multiplication is considered as a right action, one has infinitesimally 
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where the differential operators 

^-^i-g^ + i<^^d)ad^, and = -i-^ - {ea^hd^ 

satisfy the following algebra 

and anticommute with the Qa and Qd generators. 

Unlike the Q generators, the D generators behave like covariant derivatives under the 
super-Poincare group. 

One defines a superfield JF as a function of the superspace. Since the parameters 9°', 6" 
are Grassmann variables, a Taylor expansion of J-' in 6,6 has a finite number of terms: 

T{x,e,e) = f{x) + e(t){x) + ex{x) + eem{x) + een{x) 

+da^6A^(x) + 666\{x) + 666\\x) + ddddd{x) 

Notice the very important property that the product of two superfields is again a super- 
field. 

Under a superspace transformation, the variation of the superfield T is given by the 
action of the supersymmetry generators and Qa'- 

5J^{x,6,6) = -t{CQ + QO:F 

The superfield forms a representation of the supersymmetry algebra. However, this 
representation is not irreducible. Irreducible representations can be obtained by imposing 
constraints on the superfields. The two main examples are the scalar (chiral or antichiral) 
and the vector superfields. 

- The chiral superfield is defined by the covariant constraint D^J^ — 0. It follows that 
the chiral superfield can be expressed, in terms of yi^ — xi^ — ida^d and 6, as 

J^^A{y) + 2diP{y) + d6F{y) 

The transformation law for the chiral superfield is therefore 

5A = 2C'0 

6F = 2id^ilja''C 
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- In the same way, the antichiral superfield is defined by the covariant constraint 
DqJF = 0. The antichiral superfield JF can be expressed, in terms of {y'^Y = + iOa^O 
and 0, as 

jr = A*{y^) + 2eij{y^) + eeF*{y^) 
and the transformation law for the antichiral superfield is 

6A^ = 2^C 

- The vector superfield JF is defined by the reality constraint JF"!" = JF. In terms of x, 9, 6, 
it takes the form (with standard notations) 

j^{x,e,e) = c{x) + iex{x)-iex{x) + iee(^M{x) + tN{x)) -^ee(^M{x)-iN{x)) 
+\eeee(D{x) + |nc(x)) 

where C, M, A^, D are real scalar fields, A^ is a real vector field and x, are spinor fields. 

— > Grassmann algebras, Spinors, Supersymmetry algebra: definition, representations. 
For more details, see refs. P, H4|, plU. 



59 Supersymmetry algebra: definition 



The concept of Fermi-Bose symmetry or supersymmetry requires the extension of the 
Poincare Lie algebra including the generators of the supersymmetry transformations Qa 
and Qai which are fermionic, that is transform bosonic fields into fermionic ones and 
vice- versa. The supersymmetry generators Qa and Qa behave like (1/2,0) and (0,1/2) 
spinors under the Lorentz group. 

The metric being g^y = diag(l, — 1, — 1, — 1), the = 1 supersymmetry algebra takes 
the following form in two-spinor notation (the indices ^,i>, . . . = 0, 1, 2, 3 are space-time 
indices while the indices a,/3 = 1,2 and a, (3 = 1,2 are spinor ial ones): 

= i{-guaM^p + gypM^^ + g^^M^p - g^pM^^) 

^{gupP^,- g^,pPu) 



Mp,, Mp, 



Mp,,Pp 
P P 







^^vi Qa 
Pfii Qa 



PfJ-1 Qa 



{Qa,Qp} = {Qa,Q0} = O 



■^^lU) Qa 



2 V/3V'^Mi^)^d 



2fT^' P 
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where the cr* are the Pauh matrices, ct* = — cr* for i — 1, 2, 3 and a° — — I. The 
matrices |cr'*'' and ^a'^'^ are the generators of the Lorentz group in the two fundamental 
spinorial representations: a^^" — ^{cr^d-'^ — cr'^a^) and a^'^ — ^{o'^cr^ — a^a'^). 
In four-spinor notation, the N — 1 supersymmetry algebra reads as: 

{Qa,Qb}^'2{^^^CUP'' 



where Qa 



Qc 



is a Majorana spinor (a = 1,2,3,4), are the Dirac matrices 

in the Majorana representation, C is the charge conjugation matrix and the T,^^ are 
the generators of the Lorentz group in the representation (1/2,0) © (0,1/2): T,'^'^ — 
^{ji^Y — Yl^) Spinors). 

There is an extended version of this algebra if one considers many supersymmetry 
generators Q^, with A = 1,. . . ,N transforming under some symmetry group. The 
extended A^-supersymmetry algebra becomes then in two-spinor notation: 



P = 
Z^^, anything 



a/3' 



P„ Qi] = 

{QlQl} = -2e,^{Z^^y 



.P^ Sab 



T P 



Ti-iQit — Qdi{Ci)B' 



= 



while in four-spinor notation it takes the form (for the relations involving the supersym- 
metry generators): 



P O"^ 



Ti,Qt]^{^^)iQ^ + {^C^)i{l,tQ^ 



AB 



C/^^, anything = F^^, anything 



rAB 



U and V being central charges and the matrices ^i, d having to satisfy {^i + iCi) + 
(6 + ^C^)^ = 0. 
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Actually, the number of central charges U = —U^ and V = —V^ present in the 
algebra imposes constraints on the symmetry group of the matrices and Q. If there is 
no central charge this symmetry group is U{N), otherwise it is USp{2N), compact form 
oiSp{2N). 

For more details, see refs. ^ 

60 Supersymmetry algebra: representations 

We will only consider the finite dimensional representations of the A^-supersymmetry 
algebra {—>■ Supersymmetry algebra: definition). Since the translation generators P'^ 
commute with the supersymmetry generators and Q^, the representations of the A^- 
supersymmetry algebra are labelled by the mass M if is the eigenvalue of the Casimir 
operator = P^P^. 

If Np denotes the fermion number operator, the states \B) such that {—1)^^\B) = \B) 
are bosonic states while the states \F) such that (— = — are fermionic ones. In 
a finite dimensional representation, one has tr(— 1)^^ = 0, from which it follows that the 
finite dimensional representations of the supersymmetry algebra contain an equal number 
of bosonic and fermionic states. 

For the massive representations (M ^ 0), the supersymmetry algebra in the rest frame, 
where P'^ = (M, 0, 0, 0), takes the form (with vanishing central charges) 

{QtQl} = 2M6^^6AB 

{QtQ^,} = {QiQl} = o 

with A,B = 1,. . . ,N. 

The rescaled operators = Q'^/^/2M and {a^Y = Q^/V2M satisfy the Clifford algebra 
(— *) in 2N dimensions. The states of a representation can be arranged into spin multiplets 
of some ground state - or vacuum - 1^2) of given spin s, annihilated by the operators. 
The other states of the representation are given by 

K---al") = «^)^--(ai)^|f^) 

When the ground state 1^2) has spin s, the maximal spin state has spin s + and the 
minimal spin state has spin if s < or s — if s > ^N. 

When the ground state \Q) has spin zero, the total number of states is equal to 2^^ with 
22N-1 fgj-jYiionic states (constructed with an odd number of (a^Y operators) and 2^^~^ 
bosonic states (constructed with an even number of {a^Y operators). The maximal spin 
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is ^A^ and the minimal spin is 0. 

In the case = 1, when the ground state \Q) has spin j, the states of the multiplet have 
spins (j, j + |, j — |, j)- When the ground state \Q) has spin 0, the muhiplet has two 
states of spin and one state of spin i. 

The following table gives the dimensions of the massive representations with ground states 
(of spin s) for = 1,2,3,4. 



N 



N 



spin 


^^0 


^1/2 


Qi 


^3/2 




spin 


no 





2 


1 











42 


1 

2 


1 


2 


1 






1 

2 


48 


1 




1 


2 


1 




1 


27 


3 
2 






1 


2 




3 
2 


8 


2 








1 




2 


1 


spin 




^1/2 


l^i 




spin 


fio ^1/2 





5 


4 


1 







14 


14 


1 

2 


4 


6 


4 




1 

2 


14 


20 


1 


1 


4 


6 




1 


6 


15 


3 
2 




1 


4 




3 
2 


1 


6 


2 






1 




2 




1 



N 



N 



We consider now the massless representations corresponding to 
frame where = {E,0,0,E), the supersymmetry algebra become 



0. In a reference 



4E5^^5 



a/3,11 



{QtQ^,} = {QtQl} = o 

The rescaled operators a"^ = /y/AE and (a"^)^ = Qf/\/4E satisfy the Clifford algebra 
in N dimensions while the operators a'^ = (5^/v^4E and (a'^^Y = Q^/ \/ AE mutually 
anticommute and act as zero on the representation states. A representation of the super- 
symmetry algebra is therefore characterized by a Clifford ground state \VL) labelled by the 
energy E and the helicity A and annihilated by the operators. The other states of the 
representation are given by 



The number of states with helicity A + n with < n < is (^^^ . The total number of 
states is therefore 2^ with 2^^^ bosonic states and 2^~^ fermionic states. 

For more details on the supersymmetry representations (in particular when the central 
charges are not zero), see refs. 
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61 Unitary superalgebras 



The superalgebras A{m — l,n — 1) with m ^ n 

The unitary superalgebra A (m — 1 , n — 1 ) oi si {m\n) with m ^ n defined for m > n > 
has as even part the Lie algebra sl{rn) © sl{n) © U{1) and as odd part the (m, n) + (m, n) 
representation of the even part; it has rank m + n — 1 and dimension (m + n)^ — 1. One 
has A{m — 1, — 1) ^ A[n — 1, m — 1). 

The root system A = Aq U Aj of A{m — l,n — 1) can be expressed in terms of the 
orthogonal vectors si, . . . .Sm and 5i, . . . , 5„ such that ef = 1 and 5f = —1 as 

Ag = I 5i - - 6j I and Aj = | - 5^, -e^ + 5^ | 

The Dynkin diagrams of the unitary superalgebras A{m — l,n — 1) are of the following 
types: 

1111 
• » « • 

where the small black dots represent either white dots (associated to even roots) or grey 
dots (associated to odd roots of zero length). The diagrams are drawn with their Dynkin 
labels which give the decomposition of the highest root in terms of the simple ones. The 
Dynkin diagrams of the unitary Lie superalgebras up to rank 4 are given in Table 

The superalgebra A{m — 1, n — 1) can be generated as a matrix superalgebra by taking 
matrices of the form 

M = 



Y T 



where X^m and X„„ are glijn) and gl{n) matrices, T^n and T^m are m x n and n x m 
matrices respectively, with the supertrace condition 

str(X) = tr(X^„) - tr(X„„) = 

A basis of matrices can be constructed as follows. Consider (m + n)^ elementary 
matrices e/j of order m + n such that {eij)KL = ^il^jk {I, J, K, L = 1, . . . , m + n) and 
define the (m + n)"^ — 1 generators 



1 



Eij — Cij Sij{ekk + ^kk) -^i 



m — n 
1 



Eij = Cij H Siji^kk + ^kk) E, 



«7 ^ij 

m — n " ■ 

where the indices i, j, . . . run from 1 to m and t,J, . . . from m + 1 to m + n. Then the 
generator Z = Ekk = —E^i = "^^^('^6^^ + ^e^^) generate the U{1) part, the generators 
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Eij — ^SijZ generate the sl{m.) part and the generators -E'jj+ ^SijZ generate the sl{n) part, 
while Eij and Ejj transform as the (m, n) and (m, n) representations of sl{m)®sl{n)®U (1). 
In all these expressions, summation over repeated indices is understood. 
The generators in the Cartan-Weyl basis are given by: 

• for the Cartan subalgebra 

Hi = Eii - with 1 < i < m - 1 

= E^ — with m -\- 1 <i < m -\- n — 1 

• for the raising operators 

Eij with i < j for sl{m) , E^j with z < J for sl{n) , E^j for the odd part 

• for the lowering operators 

Eji with i < j for sl{m) , Eji with z < j for , E^j for the odd part 

The commutation relations in the Cartan-Weyl basis read as: 


= SikEkj — 5i,k+\Ek+\,j — SkjEik + Sk+i,jEi^k+i 



Hr, Ejj 

Hm, Eij — SimEmJ + Si^m+lEm+l,J — ^mjElm — ^m+\,jEl^m+l 



Eij, Ekl 



= SjkEil - SilEkj for Ejj and Ekl even 
[Eij, Ekl] = SjkEil - SilEkj for Eu even and Ekl odd 
[Eij, Ekl] = SjkEil + SjlEkj for Ejj and Ekl odd 

The superalgebras A{n — l,n — 1) with n> 1 

The unitary superalgebra A{n — l,n — 1) defined for n > 1 has as even part the Lie 
algebra sl{n) © sl{n) and as odd part the (n, n) + (n, n) representation of the even part; it 
has rank 2n — 2 and dimension — 2. Note that the superalgebra ^4(0, 0) is not simple. 

The root system A = Aq U Aj of A{n — l,n — 1) can be expressed in terms of the 
orthogonal vectors Ei, . . . ,Sn and Si, . . . ,Sn such that £i=l and Sf = —1 as 

Aq = I £j - Ej, Si - Sj I and Aj = | £i - Sj, -Si + Sj | 

The Dynkin diagrams of the unitary superalgebras A{n — l,n — 1) are of the same type 
as those of the A{m — l,n — 1) case. 
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The superalgebra A{n — l,n — l) can be generated as a matrix superalgebra by taking 
matrices of sl{n\n). However, sl{n\n) contains a one-dimensional ideal T generated by 
and one sets A{n — 1, n — 1) = sl{n\n) /I, hence the rank and dimension of A{n — l,n — l). 

One has to stress that the rank of the superalgebra is 2n — 2 although the Dynkin 
diagram has 2n — 1 dots: the 2n — 1 associated simple roots are not linearly independent 
in that case. 

Moreover, in the case of 1), one has the relations Si + €2 — and 61 + 62 — 
from which it follows that there is only four distinct odd roots a such that dim^^^ = 2 
and each odd root is both positive and negative. 

62 Universal enveloping algebra 

Definition : Let G — ® Qj he a, Lie superalgebra over a field K = R or C. The 
definition of the universal enveloping superalgebra U{Q) is similar to the definition in 
the algebraic case. If ^® is the tensor algebra over Q with Z2-graded tensor product (— > 
Superalgebra) and I the ideal of G generated by {X, Y]-{X^Y- (-l)deg^- degYy ^ x) 
where X,Y e the universal enveloping superalgebra U{Q) is the quotient Q® /X. 

Poincare-Birkhoff-Witt theorem : Let 61, . . . , 6s {B — dim^g) be a basis of the even 
part Qq and fi,. . . , fp {F = dim^j) be a basis of the odd part Qj. Then the elements 

b{'...l/ift...f/ with ii,...,iB>Oandii,...,j^e{0,l} 

form a basis of the universal enveloping superalgebra U{Q), called the Poincare-Birkhoff- 
Witt (PBW) basis. 

The universal enveloping superalgebra U{Q) contains in general zero divisors (let us 
remind that U{Qq) never contains zero divisors). In fact, if F e is a generator associated 
to an isotropic root, one has = {F,F} = in U{Q). More precisely, one has the 
following property: 

Property: The universal enveloping superalgebra U{Q) does not contain any zero 
divisors if and only if ^ = ops{l\2n). In that case, U{Q) is said entire. 

Filtration of Q : U{Q) can be naturally filtered as follows. Let Un be the subspace of 
U{Q) generated by the PBW-basis monomials of degree < n (e.g. Wo = IK and Ui — 'K-\-Q). 
Then one has the following filtration, with Ui Uj C Ui+y. 

00 

Wo C Wi C ... C C ... C U{g) = [jUn 
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Defining the quotient subspaces Uq = Uq and Ui = Ui/Ui-i for i > 1, one can associate to 
U{Q) tlie following graded algebra Gi{U{Q)): 

Gr{U{g)) =Uo ® Ui © • • • ® Un © • • ■ 
Then, one can show that 

Gr(W(6?))^K[&i,...,M®A(/i,...,/F) 

where ]K[6i, . . . , 6^] is the ring of polynomials in the indeterminates 61, . . . , 6^ with coef- 
ficients in K and A(/i, . . . , fp) is the exterior algebra over Q. 

For more details, see ref. pl| . 

63 Weyl group 

Let Q = Qq® Qjhe a. classical Lie superalgebra with root system A = Aq U A-. Aq is 
the set of even roots and Aj the set of odd roots. The Weyl group W{Q) oiQ is generated 
by the Weyl reflections ui with respect to the even roots: 

(a, a) 

where a G Aq and /3 G A. 

The properties of the Weyl group are the following. 
Properties: 

1. The Weyl group W{Q) leaves A, Aq, Aj, Aq, A- invariant, where A, Aq, Aj are 
defined above, Aq is the subset of roots a G Aq such that a/2 ^ Aj and A- is the 
subset of roots a G Aj such that 2a ^ Aq. 

2. Let be the formal exponential, function on Ti* such that e'^(/x) = 5\^^ for two 
elements A,/x G 7i*, which satisfies e^e^ = e'^^^. One defines 

r - and L' - 



1 1 
where Ai and Aj are the sets of positive even roots and positive odd roots respec- 
tively. Then one has 

w{L) = e{w)L and w{L') = e'{w)L' where w G W{Q) 

with e{w) = (— l)^*^"") and s'{w) = (— where i{w) is the number of reflections 
in the expression of w G W{Q) and i'{w) is the number of reflections with respect 
to the roots of in the expression of w G W{Q). 



For more details, see ref. ||2T| 



94 



64 Z-graded Lie superalgebras 



Definition : Let Q = Q-^QGihe a Lie superalgebra. ^ is a Z-graded Lie superalgebra if 
it can be written as a direct sum of finite dimensional Z2-graded subspaces Qi such that 



where 



Gi, G j c G: 



The Z-gradation is said consistent with the Z2-gradation if 

^0 = X! and Gt = Y^ G2i+i 



Definition : Let ^ be a Z-graded Lie superalgebra. It is called 
irreducible if the representation of Gq in G-i is irreducible, 
transitive if X G Gi>o, X,G-i =0^X = 0, 
bitransitive if X G Gi>o, X,G-i =0=^X = and X G Gi<o 



X,Gi 



O^X = 0. 



For more details, see ref. 21 
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Simple Lie 
superalgebras 

/ \ 
Classical Lie Cartan type 

superalgebras superalgebras 
/ \ W{n),S{n),~S{n),H{n) 

Basic Lie Strange 
superalgebras superalgebras 
/l(m, n), i3(m, n) P{n),Q{n) 
C{n+ l),D{m,n) 
F(4),G(3),L'(2,l;a) 

Table 1: Classification of the simple Lie superalgebras. 





type I 


type 11 


BASIC 
(non-degenerate 
Killing form) 


A{m, n) m > n >0 
C{n + 1) n>l 

m 

G{3) 


B{m,n) m > 0,72 > 1 

, . j m>2,n>l 
D{m,n) < / , 1 


BASIC 
(zero Killing form) 


A{n, n) n> 1 


D{n + 1, n) n > 1 
D(2, l;a) aeC\{0,-l} 


STRANGE 


P{n) n>2 


Q(n) n>2 



Table 2: Classical Lie superalgebras. 



superalgebra Q 


even part Qq 


odd part Qj 


A(m, n) 


A„i © Afi © f/ ( 1 ) 


(fn,, n) © (m, n) 


A{n^ n) 


An © An 


(n, n) © (n, n) 


C(n+1) 




(2n) © (2n) 


B{m, n) 


Bm ® 


(2m + 1, 2n) 


D{m, n) 


Dm, © C„ 


(2m, 2n) 


m 


Ai®Bs 


(2,8) 


G{3) 


Ai®G2 


(2,7) 


0(2,1; a) 


Ai®Ai® Ai 


(2,2,2) 


P{n) 




[2] © [r-i] 




A„ 


ad (.4,,) 



Table 3: Qq and Qj structure of the classical Lie superalgebras. 
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Table 4: The basic Lie superalgebra A{m — l,n — 1) = sl{m\n). 

Structure: Qq = sl{m) © sl{n) © U{1) and Qj = {rn,n) © (m, n), type I. 
Rank: m + n — 1, dimension: (m + n)^ — 1. 
Root system: 

A = {£j — Sk — Si, Si — Sk, Sk — Ei} 

Aq = {si - Ej, 5k - 5i}, Ay = {si - 5k, 5k - Si} 
Ao = Ao, Ax = At 

where 1 < i ^ j < m and 1 < k ^ I < n. 

dim Aq = dim Aq = + n^ — m — n+1 and dim Aj — dim Aj — 2mn. 
Distinguished simple root system: 

Otl^ 5i - 52, = 5n-i - 5n, = 5„ - Si, 

Distinguished positive roots {1 <i < j < m and 1 < k < I < n): 

5k- 5i = ak + ... + ai-i 

Si — Sj = Oln+i + . . . + Un+j-l 
5k- Si = «*; + ... + Otn+i-1 

Sums of even/odd distinguished positive roots: 

2po = (m - l)£i + (m - 3)£2 + (m - 5)£3 + . . . - (m - 3)£^_i - (m 
+(n - + (n - 3)(52 + (n - 5)^3 + . . . - (n - 3)5„_i - (n - 
2pi = m((5i + . . . + 5„) - n(£i + . . . + 

Distinguished Dynkin diagram: 

11111 

a--o — — 0--0 

^ V ' ^ V ' 

n— 1 m— 1 
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Distinguished Cartan matrix: 



2 -1 





... 








^ 


-1 ■•• 














■•• 






■-. -1 
















-1 2 


-1 








: ■-. -1 





1 ■-. : 








-1 


2 -1 

-1 ■-. 
■-. 









••• 








••• 


-1 


-1 

2 ^ 



Longest distinguished root: 



— CKo — Oil + ... + an+m-l — ^1 ~ 



Distinguished extended Dynkin diagram: 

1 




n— 1 m— 1 



Factor group Out(^) = Aut(^)/Int(^): 

Out(^) = Z2 for A(m, n) with m n and A(0, 2n - 1) 
Out(^) = Z4 for A(0, 2n) 



100 



Table 5: The basic Lie superalgebra A{n — l,n — 1) = sl{n\n)/Z. 

Structure: Qq = sl{n) © sl{n) and Qj = (n,n) © {n,n), type I. 
Rank: 2n — 2, dimension: 4n^ — 2. 
Root system: 

A = {£j - Ej, Si - Sj, Si - Sj, Sj - Ei} 

Aq = {€i - Ej, Si - Sj}, Aj = {Ei - Sj, Sj - Ei} 

Ao = Ao, Ax = Ax 

where 1 < i ^ j < n. 

dim Aq = dim Aq = 2n^ — 2n and dim Aj — dim Aj — 2n^. 
Distinguished simple root system: 

S1-S2, = Sn-l - Sn, ftn = (^n - ^1, 

Number of simple roots — 2n — 1 rank); the simple roots are not independent: 

ai + 2a2 + . . . + nan -\- {n — 1)q;„+i + . . . + 2a2n-2 + Oi2n-i — 
Distinguished positive roots {1 <i < j <m and 1 <k <l <n): 

Sk- Si = ak + . . . + ai-i 

Ei Ej — Q^n+i ~l~ ■ • ■ ~l~ 0£n+j—l 

Sk- £i = ak + ... + an+i-i 

Sums of even/odd distinguished positive roots: 

2po = (n - 1)ei + {n- 3)e2 + {n - 5)e3 + . . . - {n - 3)£„_i - {n - 1)£„ 

+ {n - l)Si + (n - 3)52 + (n - 5)^3 + . . . - (n - 3)5^-1 - (n - 1)5, 
2pi = n(5i + . . . + 5n - £i - . . . - £n) 

Distinguished Dynkin diagram: 

11111 

a--o — — Q--0 

n— 1 n— 1 
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Distinguished Cartan matrix: 

/ 2 -1 
-1 ■•• ■-. 

■•• 



-1 



V ••• 

Longest distinguished root: 



-1 



\ 



2 
-1 




-1 



-1 




-1 
2/ 



-ao = «! + ... + a2n-l ^Si- Er, 



Distinguished extended Dynkin diagram: 




n-l 



n-1 



Factor group Out(^) = Aut(^)/Int(^): 



Out(^?) = Z2 X Z2 for A{n, n) with n 1 
Out(^) = Z2 for A{1, 1) 
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Table 6: The basic Lie superalgebra B{m,n) = osp{2m + l|2n). 



Structure: = so{2m + 1) © sp{2n) and Q- = {2m + 1, 2n), type II. 
Rank: m + n, dimension: 2(m + n)^ + m + 3n. 
Root system: 

A = {±ei ± £j, ±£j, ±5k ± 5i, ±2(5fe, ±£j ± 5fc, ±(5jk} 

Aq = {±ei ± Sj, ±£i, ±4 ± 5i, ±25fc}, A- = {±£i ± 5k, ±5jfc} 

Aq = {±£i ± ej, i^i, ±4 ± 5i}, Aj = {±£:j ± 5k} 

where 1 < i ^ j < m and 1 < k ^ I < n. 

dim Aq = 2m^ + 2n^, dim Aj = 4mn + 2n, dim Aq = 2m^ + 2n^ — 2n, dim Aj = 4mn. 
Distinguished simple root system: 

«! = 4 - ^2, ■ ■ ■ , Oin-1 = (^„-l - 5n, ^ 5^ - £i, 
'-*^n+l ^1 ^2-1 ■ ■ ■ 1 Q^n+m— 1 ^m— 1 ^m; '-'^n+m 

Distinguished positive roots (1 < i < j < m and 1 < A; < / < n): 





-Si 


= ak + ■■ 


■ + ai-i 




+ 5i 


= ak + ■■ 


. + ai^i + 2ai + . . . + 2an+m 




25k 


= 2ak + . 


■ ■ + 2q;^_|_jjj 




-^j 


O^n+i + ■ 


• ■ + Oln+j-l 




+ ej 


O^n+i + ■ 


, . . + an+j-i + '^Oin+j + . . . + 2q;„+^ 






O^n+i + ■ 


, . . -|- Oijij^jji 




- Si 


= ak + .. 


■ + Oin+i-l 


5k 


+ £i 


= ak + .. 


. + On+i-l + 2a„+j + . . . + 2an+m 



Sums of even/odd distinguished positive roots: 

2po = (2m - l)ei + {2m - 3)£2 + • • • + 'i£m.-i + 

+2n5i + {2n - 2)^2 + ■ ■ ■ + 4(5„_i + 2(5„ 
2pi = (2m + l)(5i + ... + 5„) 

Distinguished Dynkin diagram: 

2 2 2 2 2 2 

a--o — ® — a--a^ 



Distinguished Cartan matrix: 



2-1 ••• 
-1 ■-. ■-. ■-. 

■•. ■•• 
: ■-. ■-. ■-. -1 

0-12 


-1 


... o\ 


: ■-. -1 





1 ■-. i 


... 


-1 


2-10 

-1 ■-. ■-. ■-. ; 

■-. ■-. -1 

■-. -1 2 -1 
••• 0-2 2 y 



Longest distinguished root: 

-ao = 2ai + . . . + 2an+m = 25i 

Distinguished extended Dynkin diagram: 

1 2 2 2 2 2 2 

O^O-O — — Q--0^zO 

^ V ' ^ V ' 

n— 1 m— 1 

Factor group Out(^) = Aut(^)/Int(^) = I. 



Table 7: The basic Lie superalgebra B{0,n) = osp{l\2n). 



Structure: Qq = sp(2n) and Qj = (2n), type II. 
Rank: n, dimension: 2n^ + 3n. 
Root system: 

Ao = {±5k ± 5i, ±24}, Ax = {±4} 
Ao = {±4±5/}, Ax = 

where 1 < k ^ I < n. 

dim Aq = 2n^, dim Aj = 2n, dim Aq = 2n^ — 2n, dim Aj = 0. 
Simple root system: 

ai = Si - S2, OLn-\ = Sn-1 - 5n, = 4 

Positive roots (1 < A; < Z < n): 

4 - = ttfc + • • • + 

4 + = Qfc + . . . + q;/_i + 2q!/ + . . . + 2q;„+„ 

24 = 2Q;fe + . . . + 20Ln+rn 

— CKfe + . . . + q;„+^ 

Sums of even/odd positive roots: 

2po = 2n5i + {2n - 2)4 + . . . + 44_i + 24 
2pi = 4 + ■ ■ ■ + 4 

Dynkin diagram: 



Cartan matrix: 



n-l 

/ 2 -1 

-1 2 

■•• 



\ 



2 


-1 





-1 


2 


-1 





-2 


2/ 
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Longest distinguished root: 



— CKo = 2ai + . . . + 2a 

Extended Dynkin diagram: 

12 2 

^ V ' 

n-1 

Factor group Out(^) = Aut(^)/Int(^?) = I. 
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Table 8: The basic Lie superalgebra C(n + 1) = osp{2\2n). 



Structure: = so{2) © sp{2n) and Gj = (2n) © (2n), type I. 
Rank: n + 1, dimension: 2n^ + 5n+ 1. 
Root system: 

A = {±6k±Si, ±24, ±e±Sk} 

Ao = {±Sk ± Si, ±26k}, Aj - {±8 ± 6k} 

Ao = Ao, Aj^Aj 

where 1 <k <n. 

dim Aq = dim Aq = 2n^ and dim Aj — dim Aj — An. 
Distinguished simple root system: 

ai = 6 - di, a2 = Si - §2, . . . , an = 5n-l - Sn, Oin+1 = 2Sn 

Distinguished positive roots {1 < k < I < n): 
Sk- 5i = ftfc+i + . .. + ai 

5k + Si = ftfc+i + . .. + ai + 2ai+i + . . . + 2an+i 

2Sk = 2ak+i + . . . + 2an + q;„+i {k ^ n) 2^ = a^+i 
e - 5k = Oil + . . . + ctfc 

£ + 5fe = ai + . . . + afc + 2Q;fc+i + . . . + 2q;„ + q;„+i (/c < n) 

£ + Sn = «! + ... + Qin+i 

Sums of even/odd distinguished positive roots: 

2po = 2n5i + (2n - 2)(52 + . . . + 45„_i + 28^ 
2pi — 2ne 

Distinguished Dynkin diagram: 

12 2 1 

-O-O^O 



n-1 



Distinguished Cartan matrix: 



/ 



V 



1 



\ 



2 
-1 




■-. -1 

-1 2 -2 
0-1 2 J 
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Longest distinguished root: 



— CKo — ai + 2a2 + . . . + 2q;„+i + an — s + 5i 



Distinguished extended Dynkin diagram: 

1 




1 L\J n-l 

Factor group Out(^) = Aut(^)/Int(^) = Z2. 
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Table 9: The basic Lie superalgebra D{m,n) = osp{2m\2n). 



Structure: = so{2m) © sp{2n) and Qj = (2m, 2n), type II. 
Rank: m + n, dimension: 2{m + n)^ — m + n. 
Root system: 

Ao = {±e, ± Sj, ±5k ± 5h ±25fe}, At = {±e^ ± 4} 
Ao = Ao, Ax = At 

where 1 < i ^ j < m and 1 < k ^ I < n. 

dim Aq = dim Aq = 2m^ + 2n^ — 2m and dim Aj = dim Ay = A.mn. 
Distinguished simple root system: 







«! = di 


— ^2, . . . , Oin-1 — Sn-1 — Sn, O-n — 5n — £i, 






Oin+1 — 


^1 ^2) ■ ■ ■ ) Oln+m—l ^m— 1 ^m; ^n+m ^m— 1 ~l~ 


Distinguished positive roots {1 <i < j <m and 1 < A; < / < n): 


- Si 




ak + .. 


■ + CXi-i 


h + Si 




ak + .. 


. + ai-i + 2ai + . . . + 2an+m-2 + Ctn+m-l + Ctn+m 


25k 




2ak + . 


• • + 2Q!„+m-2 + OLn+m-1 + Q^n+m 








• ■ • + Q;„+j_i 


Si ~\~ Sj 




^n+i ~l~ 


■ ■ ■ + Oin+j-1 + 2o;„+j + . . . + 2q;„+^_2 + q;„+^_i + q;„+^ 






^n+i ~l~ 


. . . -|- q;jj-|-j^_2 H hQ;^_|_^_i -|- oiji^jji 






Oin+i + 


. . . -|- Oln-\-m—2 ~l~ Oln+m 


Sk - £i 




ttfc + • • 


. + ttn+j-l 


4 + £i 




ftfc + • • 


. + Q;„+i_i + 2a„+i + . . . + 2Q;n+m-2 + an+m-l + Oln+m (j 


Sk + £m-l 




afe + . . 


■ ~l~ Ol.ji-\-m—2 H ^OLji-\-m—l ~l~ Oiji+m 


Sk + £m 






• ~l~ Q;n-|_^_2 ~l~ Olji+m 



{j <m - 1) 



Sums of even/odd distinguished positive roots: 

2po = (2m - 2)ei + (2m - 4)£2 + ■ ■ ■ + 2£^_i + 2n5i + {2n - 2)62 + ... + 45„_i + 26^ 
2pi = 2m(5i + ... + Sn) 
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Distinguished Dynkin diagram: 




Distinguished Cartan matrix: 

/ 2 -1 
-1 ■•. ■•. 

■-. 



-1 



V ••• 

Longest distinguished root: 



-1 



\ 



-1 



2 
-1 





••• 



-1 

2 




-1 


27 



-ao = 2ai + . . . + 2an+m-2 + "n+m-l + "n+m = 2^1 



Distinguished extended Dynkin diagram: 

12 2 2 



n-l 




m-2 



Factor group Out(^?) = Aut(^?)/Int(^?) = Z2. 
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Table 10: The basic Lie superalgebra F(4). 



Structure: Qq = s/(2) © so(7) and Gj = (2, 8), type II. 
Rank: 4, dimension: 40. 
Root system: 

A = {±5, ±ei±ej, ±ei, i(±£i ± £2 ± £3 ± (^)} 

Ao = {±S, ±ei ± Ej, ±ei}, Aj = {i(±£i ± £2 ± £3 ± (^)} 

Ao = Ao, Ax=At 

where 1 < i 7^ j < 3. 

dim Aq = dim Aq = 20 and dim Aj — dim Aj — 16. 
Distinguished simple root system: 

«! = 1(5 - £1 - £2 - £3), Q!2 = £3, aa = £2 - £3, ^4 = £1 - £2 

Distinguished positive roots (1 < i < j < 3): 

£j — £j = a^, a^, + q;4 

£i + £j = 2q;2 + as, 2a2 + as + a^, 2a2 + 2a3 + 
Si — a^i 0:2 + eta, 0:2 + 0:3 + q;4 
5 = 2oL\ + 3q;2 + 2q;3 + a.^ 

1(5 ± £1 ± £2 ± £3) = «!, «! + Q;2, «! + «2 + ^3, ttl + 0:2 + «3 + «4, «! + 2(X2 + 0:3, 

tti + 2q;2 + Q;3 + ci;4, tti + 2q;2 + 2q;3 + q;4, a\ + 3q;2 + 203 + q;4 

Sums of even/odd distinguished positive roots: 

2po = 5£i + 3£2 + £3 + 5 
2pi = 45 

Distinguished Dynkin diagram: 

2 3 2 1 

— 0=40 — O 

Distinguished Cartan matrix: 

/ 1 \ 
-1 2-2 

0-1 2-1 

V 0-1 2 y 



111 



Longest distinguished root: 



Distinguished extended Dynkin diagram: 



12 3 2 

C^8^ — O^^O — O 



Factor group Out(^) = Aut(e;)/Int(^) = I. 
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Table 11: The basic Lie superalgebra G{3). 



Structure: = ^^2) © G2 and Qj = (2, 7), type II. 
Rank: 3, dimension: 31. 
Root system: 

A = {±25, ±£i, Si - Ej, ±S, ±ei ± S} 

Aq = {±25, ±£i. Si -Ej}, Aj = {±6, ±ei ± 5} 

where 1 < i 7^ j < 3 and £1 ± £2 ± £3 = 0. 

dim Aq = 14, dim Ay = 14, dim Ag = 12, dim Aj = 12. 

Distinguished simple root system: 

ai = 5 + £3, a2 = £1, tta = £2 — £1 

Distinguished positive roots: 

even roots: a2, as, 0L2 ± as, 2q;2 ± cts, 3q;2 ± cts, 3q;2 ± 2q;3, 2q;i ± 4q;2 ± 2q;3 
odd roots: ai, cti + 02, ai + 02 + as, + 2q;2 + 0:3, ol\ + 80:2 + 0:3, 
ai ± 3q;2 ± 2q;3, a\ ± 4q;2 ± 2q;3 
Sums of even/odd distinguished positive roots: 

2po = 2£i ± 4£2 - 2£3 ± 25 
2pi = 75 

Distinguished Dynkin diagram: 



Distinguished Cartan matrix: 



2 4 2 



/ 1 \ 
-1 2 -3 

V -1 2; 



Longest distinguished root: 

— q;o — 2q;i ± 4q;2 ± 20:3 = 25 
Distinguished extended Dynkin diagram: 



4 2 



Factor group Out(^?) = Aut(^)/lnt(^?) = I. 
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Table 12: The basic Lie superalgebra D{2, 1; a). 



Structure: = sl{2) © s/(2) © sl{2) and Qj = (2, 2, 2), type II. 
Rank: 3, dimension: 17. 
Root system: 

A = {±2£i, ±£i ± £2 ± £3} 

Ao = {±2£i}, A- = {±£1 ± £2 ± £3} 
Ao = Ao, Ax = Ax 

where 1 < i < 3. 

dim Aq = dim Aq = 6 and dim Aj — dim Aj — 8. 
Distinguished simple root system: 

«! = £1 - £2 - £3, = 2£2, as = 2£3 

Distinguished positive roots (1 << j < 3): 

even roots: a2, 0:3, 2ai + 0:2 + eta 

odd roots: cti, cci + 0:2, cci + 0:3, ai + a2 + 013 

Sums of even/odd distinguished positive roots: 

2po = 2ei + 2£2 + 2£3 
2pi = 4£i 

Distinguished Dynkin diagram: 




Distinguished Cartan matrix: 

/ 1 q; \ 
-12 

V-1 2; 

Longest root (in the distinguished root system) : 



-CKo = 2ai + q;2 + eta = 2£i 
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Distinguished extended Dynkin diagram: 




Factor group Out(^) = Aut(^)/Int(^): 

Out(^) = I for generic a 
Out(^) = Z2 for a = 1, -2, -1/2 
Out(e?) = Z3 for a = e^"^!^, e^^'^ 
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Table 13: Distinguished Dynkin diagrams of the basic Lie superalgebras. 



A{m, n) 



B{0,n) 



C{n + 1) 



m 



1 1 

O-O 



1 1 

o-o 



n 

2 



2 2 2 
B{m,n) Q----0 



TO 

2 2 



n-1 



o-o^ 

2 



m— 1 

2 



n-l 

2 2 1 

A. 



O-O^ 



n-l 

2 2 2 2 
i?(m,n) Q--0 O 



n-l 




m-2 



3 2 1 

o4o — o 



(7(3) 



^(2,1; a) 
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Table 14: Dynkin diagrams of the basic Lie superalgebras of rank < 4 





Sim 


1 

(8) 


osp(l|2) 


sZ(l|2) 




1 1 

O g 


) — ® 


osp(2|2) 


osp(l|4) 


2 


2 




osp(3|2) 


sl{l\3) 


1 


1 

— o- 


1 

— 


111 

(2) — — 


s/(2|2) 


1 

a 




1 


111 
(8 — — 


osp(l|6) 


2 

a 


2 2 

— 




osp{2\A) 




2 1 


221 
— 0t4o 


osp(3|4) 


2 

a 


2 

— <8t 


2 


1 2 2 
(8^ — 


osp(4|2) 


1 

a 


2 

— <8t 




<: 


osp(5|2) 


2 


2 2 

—0^0 


122 

— 0t^ 



22 2 
2 1 2 



1 

O 




2 2 




2 2 
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Sim 



sl{2\3) 



osp(l|8) 
osp(2|6) 



osp{3\6) 



osp(4|4) 



1 

O 



1 

1 1 

o — a 



o — o — o 

111 

-o 



1 

o 



o 

1 

o 



2 2 2 2 

O — O — 



2 2 2 

a 



-0=40 



2 2 2 2 

O — ®— 



40 



2 2 2 

o — 



2222 

o- 

1 



2 2 1 



2221 

— O — ^t^O 




1 1 1 

— o — o 



1111 

o— 



1 1 



1111 

-o — 



2 2 2 2 

— 
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o.p(5|4) O ® 

12 2 2 

-O — 



1 



2 2 



2 2 2 2 



2 2 2 



2 2 2 2 

-O — 



osp(6|2) 



osp{7\2) 



12 2 1 

o — O — gt^O 





2 2 2 

■o — o^o 
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Table 15: Distinguished extended Dynkin diagrams of the basic Lie super algebras. 

1 



O 



S(0,n)« 



12 2 

Ct^-O 



2 2 2 2 



n-l 
1 



m— 1 

2 



n-l 



C(n + l)W 




n-l 



F(4)(i) 



2 2 2 2 2 

— O- 



n-l 



m-2 




1 2 3 2 1 

C^8^ — O^O — O 



G(3)« 



12 4 2 



D(2,l;a)W 
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g4> 




A ( TYl 71 1 




sl{m 
sl(m 
su{p 


|n;R) 
n;e) 

m — p g, n — q) 


s/frr? IRl ffi sl(n M) ffiW 
SM*(m) © s?i*(n) © R 

^ii(t) Tfl — Tn ^iiin Ti — /7 1 ffi ?1R 


A{n, n) 


sl{n) © sl{n) 


sl{n\ 
sl{n\ 

su{p 


n;M) 
n;H) 

n — p g, n — q) 


sl{n, R) ©s/(n,R) 

tj Lv \ f V 1 \±/ tj *Jj \ f V 1 

su{p, n — p) ® su{q, n — q) 


B{m, n) 
5(0, n) 


so{2m + 1) © sp{2n) 
sp{2n) 


osp(^p, 2ni © 1 — p\2n] IR.) 

nani 1 \0n- ^\ 
Obpyl i^ll^f ii^ ) 


so{p, 2m + 1 — p) © sp{2n, R) 

sp{2n, R) 






osp(2|2n;M) 
osp(2|2g,2n-2g;H) 


so*{2) © sp{2q, 2n - 2q) 


]~)( Til 71 1 
J-y \l 1 } 




Uhpyp, Z,lil — p\Zil^ M.J 

osp(2m|2g,2n-2g;H) 


soTn ?n) — n"! fl^ Hr)(2n R") 
so* (2m) © sp{2q,2n-2q) 


m 


s/(2) ©so(7) 


F(4;0) 
F(4;3) 
F(4;2) 
F(4; 1) 


s/(2,R) © so(7) 
s/f2 R'l ffi sof 1 6^1 
sl(2 R) © so(2 5) 
sZ(2,R)©so(3,4) 


G{3) 


sZ(2) © G2 


G(3;0) 
G(3;l) 


s/(2,R)©G2,o 
sl(2 R) © 6*9 9 


D{2,l;a) 


s/(2) ©s/(2) ©s/(2) 


D(2,l;a;0) 
D{2, I- a- 1) 
D{2. l:n:2) 


s/(2,R) © s/(2,R) © s/(2,R) 
su{2) © su{2) © sl{2, R) 
,s/(2.C)®,s/(2,M) 


P{n) 


s/(n) 


P(n;M) 


s/(n, R) 


Q{n) 




g(n;M) 
HQ{n) 
UQ{p,n -p) 


s/(n, R) 
SM*(n) 
sm(p, n — p) 



Table 16: Real forms of the classical Lie superalgebras. 
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K 


fund^ / /C 


sl{m\n) 


sl{p+ l\p) 
sl{p\p + 1) 


7^p/2 © (m - p - l)7^o © (n - p)n'^ 

© - p)^o © (n - p - 1)7^(; 


OST)( 2?7?J 277,1 


osv(2k\2k) 
osp(2A; + 2|2A;) 

s/(pp + 1) 


7?.'/ 1 /o ffi f2n — 2k)7ln ffi f2m — 2A; + DT^n 
7^fc © (2m - 2A; - l)7^o © (2n - 2/c)7^'o' 
27^p/2 © 2(m - p - l)7^o © 2{n - p)Tll 
2^p/2 © 2(n - p - l)7^'o' © 2(m - p)7eo 


osp{2m + 1 2n) 


osp{2k\2k) 1 
osp(2A;-l|2A;) J 

osp(2A; + 2|2A;) 1 
osp(2A; + 1 2/c) J 

s/(pp+ 1) 


K-i/2 © (2r^ - 2A;)7e'o' © (2m -2k + 2)no 

TZk © (2m - 2A;)7^o © (2n - 2A;)7^o 

27^p/2 © 2(m - p - l)7^o © 7^o © 2(n - p)Tl'^ 
27e^/2 © 2(n - p - l)n';^ QUq® 2(m - p)7eo 


osp{2\2n) 


osp(2|2) 
sl{l\2) 


^1/2 © ^0 © (2n - 2)7^'o' 

27e;'/2 © (2n - 4)7e(; 



Table 17: osp(l|2) decompositions of the fundamental representations of the basic Lie 
superalgebras (regular cases). 

osp(l|2) decompositions 
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K 


fund^ / /C 


osp{2n + 2\2n) 


osp{2k + l\2k)® 
osp{2n-2k+ l\2n-2k) 




osp{2n -2\2n) 


osp{2k - l\2k)® 
osnf2r7 — 2k — l\2n — 2k) 




osp{2n\2n) 


osp{2k + l\2k)® 
osp{2n-2k -l\2n-2k) 

osp{2k- l\2k)® 
osp{2n - 2k + l\2n - 2k) 


Tlk © T^n-k-l/2 
T^n-k ® 



Table 18: osp{l\2) decompositions of the fundamental representations of the basic Lie 
superalgebras (singular cases). 

— >• osp{\\2) decompositions 



123 



Table 19: osp(l|2) decompositions of the adjoint representations of the basic Lie superal- 
gebras (regular cases). 



adosp(2m|2n) 
osp{2k\2k) ~ 

7^2fe-l e 7^2fe-5/2 e 7^2fe-3 ® ^2fe-9/2 © ... ® 7^3/2 © 'R-i 

© (2m - 2A; + l)7^fc_l/2 © 2{n - k)n[_^/2 © 2{2m - 2k + l){n - k)n'o 
© [(2m -2k+ l)(m - /c) + (2n - 2/c + l)(n - /c)]7^o 

ados]9(2m|2n) 
osp(2A; + 2|2A;) ~ 

^2fc-l/2 © ^2fe-l © ^2fe-5/2 © ^2fe-3 © ... © 7^3/2 © 7^l 

© (2m - 2A; - l)7^jk © 2{n - k)n'^ © 2(2m - 2A; - l)(n - A;)7^o 
© [(2m - 2A; - l)(m - A; - 1) + (2n - 2A; + l)(n - A;)]7^o 

adosp(2m|2n) 
sZ(2A; + l|2A;) ~ 

7^2fe © 37^2fc-l © 7^2fe-2 © ... © 7^2 © 37^l © 7^o 

© 37^2fe-l/2 © Tl2k-Z/2 © 37^2fc_5/2 © ... © 37^3/2 © 7^1/2 

© 4(m - 2fc - l)7^fc © 4(n - 2A:)7^fc © 4(m -2k- l)(n - 2A;)7^o 
© [(2m - 4/c - 3)(m - 2A; - 1) + (2n - 4A; + l)(n - 2k)\Ro 

aAosp{2m\2n) 
sl{2k-l\2k) ~ 

37^2^fc-l © 7^2fc-2 © 37^2fe_3 © ... © 7^2 © 37^l © 7^o 

© ^2fe-3/2 © 37^2fc_5/2 © ^2fc-7/2 © ... © STZ3/2 © 7^l/2 

© 4(m - 2A; + l)7^fc_l/2 © 4(n - 2A;)7^1_l/2 © 4(m - 2A; + l)(n - 2A;)7^o 
© [(2m -4k + l)(m - 2A; + 1) + (2n - 4A; + l)(n - 2A;)]7^o 

adosp(2m|2n) 
sl{2k\2k+l) ~ 

37^2ifc © 7^2fe-l © 37e2fe-2 © ... © 37^2 © 7^l © 37^o 

© 7^2fc-l/2 © 37^2fc-3/2 © 7^2fc_5/2 © ... © 7^3/2 © 37^l/2 

© 4(m - 2A;)7^'fc © 4(n - 2A; - l)7^fe © 4(m - 2A';)(n - 2A; - l)7^o 
© [(2m - 4A; - l)(m - 2A;) + (2n - 4A; - l)(n - 2A; - l)]no 
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adosp{2m\2n) 
sl{2k\2k - 1) ~ 

7^2fc-l © 37^2fc_2 © 7^2fe_3 © ... © 37^2 © 7^l © 37^o 
e 37e2fe_3/2 © 7e2fe-5/2 © 37^2fc_7/2 © ... © 7^3/2 © 37ei/2 

© 4(m - 2A;)7^'fc_l/2 © 4(n - 2A; + l)7^fe_l/2 © 4(m - 2A;)(n - 2A; + l)7^o 
© [(2m - 4A; - l)(m - 2A;) + (2n - 4A; + 3)(n - 2A; + l)]7eo 

ad osp{2m + 1 1 2n) ad osp{2m + 1 1 2n) 
osp{2k\2k) ~ osp{2k - l\2k) ~~ 

T^2k^l © 7^2fc-5/2 © 'Tl2k-Z © 7^2fc-9/2 © ... © 7^3/2 © 7^l 

© 2(m - A; + l)7efc_i/2 © 2(n - k)n'f._i/2 © 4(m - A; + l)(n - ^)7eo 
© [(2m - 2A; + l)(m - A; + 1) + (2n - 2A; + l)(n - A;)]7eo 

ad osp(2m + 1 1 2n) ad osp{2m + 1 1 2n) 



osp(2fc + 2|2A;) osp(2A; + 1|2A;) 

7^2fc-l/2 © 7^2fc_l © 7^2fc-5/2 © 'R-2k-i © ... © 7^3/2 © 

®2{n-k)'Ti!^, © 2{m-k)nk © A{m - k){n - k)'^^ 
© [(2m - 2A; - l)(m - A;) + (2n - 2A; + l)(n - A;)]7^o 

ado,sp(2|2n) ^ ^ ^ (2n - 2)7^;/2 © (2n^ - 3n + l)7^o © (2n - 2)7^'o 

osp(2|2j ' 

adosp(2|2n) ^ ^ ^^^^ ^ (4n - 8)7^;/2 © (2/1^ - 7n + 7)7^o 



sZ(l|2) 
osp{l\2,) decompositions 



125 



Table 20: osp(l|2) decompositions of the adjoint representations of the basic Lie superal- 
gebras (singular cases). 

adosp(2n + 2|2n) 
osp{2k + l\2k) © osp{2n - 2k + l\2n - 2k) ~ 

T^2n-2k-l © "^271-2^-3 © ■ ■ ■ © T^-i © T^2n-2k-l/2 © T^2n-2k-3/2 © ■ ■ ■ 

© 7^3/2 © 7^2fc_l © 7^2fc_3 © . . . © 7^l © n2k-i/2 ® 7^2fe_3/2 
© ... © 7^3/2 © 7^„ © 7^„_l © ... © 7^„_2fe 

© 7^„_l/2 © Hn-3/2 © ... © 7e„_2fc+l/2 

ad [osp(2n — 2|2n)] 
osp{2k-l\2k) © osp(2n-2A;- l|2n-2A;) ~ 

'^2n-2fc-l © T^2n-2k-3 © . . . © T^-i © TZ2n-2k-5/2 © ^2n-2fc-7/2 © . . . 

© 7^3/2 © 7e2fc-i © 7^2fc-3 © . . . © 7^l © 7e2fc-5/2 © 7^2fc-7/2 
© ... © 7^3/2 © 7^„-l © 7en_2 © ... © nn-2k 

© T^n-3/2 © T^n-b/2 © ... © T^n-2k+l/2 

ad [osp(2n|2n)] 
osp(2A; + 1|2A;) © osp(2n - 2A; - l|2n - 2A;) ~ 

T^2n-2k-l ® T^2n-2k-3 © • • • © T^-i © 7^2n-2fc-5/2 © '^2n-2fc-7/2 © . . . 

© 7^3/2 © 7^2fc_l © 7^2fc-3 © . . . © 7^l © 7^2fc-l/2 © 7^2fc-3/2 

© ... © 7e3/2 © Tln-l © 7e„_2 © ... © 7^„_2fc 
© ^n-l/2 © ^n-3/2 © ... © 7^„_2fc-l/2 

ad [osp(2n|2n)] 
osp(2A; - 1|2A;) © osp{2n ~ 2k + l\2n - 2k) ~ 

T^2n-2k-l © T^2n-2k-3 (B ■ ■ ■ (B TZl (B T^2n-2k-l/2 © '^2n-2A;-3/2 © . . . 

© 7e3/2 © 7e2fe-i © 7^2fc-3 © . . . © 7^l © 7^2fc-5/2 © 7^2fe-7/2 
© ... © 7^3/2 © 7^„_l © 7^„_2 © ... © 7e„-2fc+i 

©^n-l/2 © ^n-3/2 © ... © Tln-2k+l/2 

osp{l\2) decompositions 
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SSA 
in g 


Decomposition of the 
fundamental of g 


Decomposition of the 
adjoint of g 


A{0, 1) 


A{0, 1) 


'^1/2 


Til © 7^l/2 


A(0,2) 


A{0, 1) 




7^l © 7^l/2 © 27^;/2 © 7^o 


A(l,l) 


A(0, 1) 




7^l © 37^l/2 


^(0,3) 


^(0, 1) 


'^1/2 © 2'^o 


7^l © 7ei/2 © 47e;/2 © 47eo 


A{1,2) 


A{1,2) 
A{0, 1) 
A{1,0) 


7^^/2 © 7^o © 
7ei/2 © 27^'o' 


7^2 © 7^3/2 © 7^l © 7^l/2 
7^l © 37^l/2 © 27^;/2 © 27^o © 27^'o 
7^l © 57^l/2 © 47^o 



Table 21: osp(l|2) decompositions of the A{m,n) superalgebras up to rank 4. 



g 


SSA 
in g 


Decomposition of the 
fundamental of g 


Decomposition of the 
adjoint of g 


5(0,2) 


5(0,1) 


TZ'y2 © 2'^o 


TZi © 27^;/2 © 37^o 


S(l,l) 


5(1,1) 
C(2), 5(0,1) 


TZ'l/2 © 27^o 


7e3/2 © 7^l 
7^l © 27^l/2 © 7^o 


5(0,3) 


5(0,1) 


7^;'/2©47^^; 


7^l © 47^;/2 © wtzq 


5(1,2) 


5(1,2) 
5(1,1) 

C(2), 5(0,1) 
C{2)(BB{Q,1),A{Q,1) 


7?" 

'^3/2 

7^l © 27e'o' 

7^'//2 © 27^o © 27^[; 
2n'i/2 © ^0 


7^3 © ^3/2 © 7^l 
7^3/2 © 7^l © 27^i © stZo 

Ui © 27^l/2 © 27^;/2 © 47^o © 47^'o 
37^l © 37ei/2 © 


5(2,1) 


5(2,1), 5(1,1) 
C(2), 5(0,1) 
A{1,0) 


7^l © 27^o 
7^';/2 © 47^o 
27^l/2 © 7^o 


Tl3/2 © 37^l © 7^o 
^1 © 47^l/2 © 67^o 

TZi © 37ei/2 © 27^;/2 © 37^o 



Table 22: osp(l|2) decompositions of the B{m,n) superalgebras of rank 2 and 3. 
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SSA 
in g 



Decomposition of the 
fundamental of Q 



Decomposition of the 
adjoint of Q 



5(0,4) 
5(1,3) 



5(2,2) 



5(3,1) 



5(0,1) 

5(1,2) 

5(1,1) 
C(2)©5(0,1),A(0,1) 
C(2), 5(0,1) 

5(2,2) 
5>(2,2),5(1,2) 
D{2, l),5(h 1) 
5(2,1)0 5(0,1) 1 
5(1,1)©C(2) / 
C(2)©C(2),A(0,1) 
C(2), 5(0,1) 
^(1,0) 

5(2,1), 5(1,1) 
C(2), 5(0,1) 
A(1,0) 



K/2 © QK 



^3/2 ® 27?.o 

7^l © 47^'o' 
27^;'/2 © 7^o © 2n'^ 
n'li^ © 47e(; © 211^ 

7^^'/2 ® 27^o 
7^l © 27^(; © 27^o 



Ui © 7e;'/2 © 7^o 

27^;'/2 © 37^o 
7^;'/2 ® 47^o © 27e(; 
27^l/2 © 7^o © 2ni 



Til © 47^o 

7^'//2 © 67^o 

27^l/2 © 37^o 



7^l © 67^;/2 © 2i7eo 

7^3 © 7^3/2 © 27^^/2 © ^1 © 37^o 

7^3/2 © 7^l © 47^; © l07^o 
37^l © 37^l/2 © 47^;/2 © 47^o © 27^'o 
© 27ei/2 © 47e;/2 © ll7^o © 97^'o 

7^7/2 © 7^3 © © 
7^3 © 37^3/2 © 7^l © 7^o 
7^3/2 © 37^l © 27^; © 47^o © atu^ 

27^3/2 © 47ei © 27^l/2 

37^l © 77^l/2 © 47^o 

7^l © 47^l/2 © 27^;/2 © 97^o © 87^'o 
7^l © 77^l/2 © 27^;/2 © 67^o © 27^'o 

7^3/2 © 57^l © 67^o 
7^l © 67^l/2 © l57^o 
© 37^l/2 © 67^;/2 © 67^o 



Table 23: osp(l|2) decompositions of the 5(m,n) superalgebras of rank 4. 
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SSA 


Decomposition of the 


Decomposition of the 




in g 


fundamental of g 


adjoint of g 


C\3) 


A(0,1) 




37^l © 7^l/2 © 7^o 




C{2) 


7^;'/2 © 7^o © 27^(; 


7^l © 7^l/2 © 27^;/2 © 37^o © 27^[, 


C(4) 


A{0,1) 


21^^12 ® 2'^Q 


37^l © 7^l/2 © 47^;/2 © 47^o 




C{2) 


7e'//2 © © Ani 


7^l © 7^1/2 e 47e'i/2 © l07^o © ^tUq 



Table 24: osp(l|2) decompositions of the C(n + 1) superalgebras up to rank 4. 





SSA 
in g 


Decomposition of the 
fundamental of g 


Decomposition of the 
adjoint of g 


L>(2,1) 


D(2,l) 
C(2) 
^(1,0) 


7^l ©7^o 
7^;'/2 © 37^o 
27ei/2 


7^3/2 © 27^l 
7^l © 37^l/2 © 37^o 
© 37ei/2 © 37^o 


L>(2,2) 


L>(2,2) 
D(2,l) 
C(2) 

C(2)©C(2),A(0,1) 
5(1,1) ©5(0,1) 
^(1,0) 


7^^'/2 © 7^o 
7^l © 7^o © 27^[; 
7^;'/2 © 37^o © 27^;; 
7^;'/2 © 27^o 
7^l © 7^;'/2 
27ei/2 © 27^^)' 


7^3 © 27^3/2 © 7^l 
7^3/2 © 27ei © 27^; © 57eo 
© 37^l/2 © 27^;/2 © 67^o © 67e[j 

37^l © 57^l/2 © 27^o 

27^3/2 © 37^l © 7^l/2 
7^l © 77^l/2 © 67^o 


L>(3,1) 


D(2,l) 
C(2) 
^(1,0) 


© 3TZo 

7^'//2 © 57^o 
27ei/2 © 2no 


7^3/2 © 47^l © 3TZo 

7^l © 57^l/2 © l07^o 
© 37ei/2 © 47^'l/2 © 47^o 



Table 25: osp(l|2) decompositions of the D{m,n) superalgebras up to rank 4. 
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SSA 
in Q 


Decomposition of the 
adjoint of Q 


A{1,0) 
A{0, 1) 
C{2) 
D(2,l;2) 


T^i © 77^l/2 © 147^o 

7^l © 37^l/2 © 67^;/2 © 67^o © 27e'o 

57^l © 37^l/2 © 67^o 

7^3/2 © 27^'3/2 © 27^l © 27^;/2 © 37^o 



Table 26: osp(l|2) decompositions of the superalgebra F(4). 



SSA 
in 


Decomposition of the 
adjoint of Q 


A(1,0) 


7^l © 37^l/2 © 47^;/2 © 37^o © 27^[) 


A(1,0)' 


27^'3/2 © 7^l © 37^l/2 © 37^o 


5(0,1) 


7^l © 67^l/2 © 87^o 


5(1,1) 


7^3/2 © 27^^j/2 © 7^l © 37^o © 27^;) 


L>(2,1;3) 


7^2 © 7e3/2 © 37ei 



Table 27: osp(l|2) decompositions of the superalgebra G{3). 



SSA 
in Q 


Decomposition of the 
fundamental of Q 


Decomposition of the 
adjoint of Q 


0(2,1) 
C{2) 
A(1,0) 


7^l©7^o 

7^';/2 © 37^o 
27ei/2 


7^3/2 © 27ei 

7^1 © 37^l/2 © 37^o 

© 37^l/2 © 37^o 



Table 28: osp(l|2) decompositions of the superalgebra D{2, 1; a). 
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g 


SSA 
in g 


Decomposition of the 
fundamental of g 


Decomposition of the 
adjoint of g 


A{0, 1) 


A{0, 1) 


„ii / 1 1 \ 


7r(0,l) 




yl(0,2) 


A{0, 1) 


7r"(i,i)©7r"(0,0) 


7r(0,l)©7r'(|,i)©7r'(-i,i)a 


)7r(0,0) 


A(l,l) 


^(0, 1) 


7r"(i,|)©7r(0,0) 


7r(0,l)©7r(|,|)©7r(-|, 


1) 


^(0,3) 


^(0, 1) 


7r"(i,i)®27r"(0,0) 


7r(0, 1) © 27r'(i, i) © 27r'(-i, i) ( 


D 47r(0, 0) 


A{1,2) 


A{1,2) 


7r"(l,l) 


7r(0,2) ©7r(0,l) 






A{0, 1) 


7r"(i,i)©7r(0,0)©7r"(0,0) 


7r(0,l)©7r(i,i)©7r(-i, 
©7r'(i,i)©7r'(-i,i)©27r(0, 0) ( 


\) 

D 27r'(0, 0) 




A{1.0) 


7r(i4) ©27r"(0,0) 


7r(0. l)©27r(|,i)©27r(-|4)(I 


)47r(0,0) 



Table 29: s/(l|2) decompositions of the A{m^n) superalgebras up to rank 4. 



g 


SSA 
in ^ 


Decomposition of the 
fundamental of g 


Decomposition of the 
adjoint of g 


5(1,1) 


C(2) 


7r"(0, 1) © 7r(0, 0) 


7r(0, 1) © 7r(0, 1) 


5(1,2) 


C(2) 


7r"(0,|)®7r(0,0)®27r"(0,0) 


7r(0, 1) © 7r(0, 1) © 27r'(0, 1) 
©37r(0, 0) © 27r'(0, 0) 




A(0, 1) 


7r"(i,i)©7r"(-|,i)©7r(0,0) 


7r(0,l)©7r(l,l)©7r(-l,l) 
ffi7r(i,|)ffi7r(-i,i)ffi7r(0, 0) 


5(2,1) 


C(2) 


7r"(0,i) ©37r(0,0) 


7r(0, 1) © 37r(0, i) © 37r(0, 0) 




/1(1,0) 


7r(|,|)©7r(-i,i)©7r(0,0) 


7r(0,l)©7r(|,i)ffi7r(-|,i) 
®7r'(|,|)ffi7r'(-|,|)®7r(0,0) 



Table 30: sZ(l|2) decompositions of the B{m,n) superalgebras of rank 2 and 3. 
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g 


SSA 


Decomposition of the 


Decomposition of the 




in g 


fundamental of Q 


adjoint of Q 






11(1 l \ rr. II ( 1 1\ 


7r(0,l)©7r(l,l)©7r(-l,l) 


5(1,3) 


A{0, 1) 


VT 1^2) 2'' ® ^ 2' 2> 

©7r(0, 0) © 27r"(0, 0) 


©7r(i,i)©7r(-i,i)©27r'(|,i) 
©27r'(-|, i) © 47r(0, 0) © 27r'(0, 0) 




C(2) 


7r"(0,|)©47r"(0,0)©7r(0, 0) 


7r(0,l) ©7r(0,|) ©47r'(0,|) 
©107r(0, 0) © 47r'(0, 0) 


5(2,2) 


2 C(2) 


27r"(0, 1) © 7r(0, 0) 


37r(0, 1) © 27r(0, |) © 7r(0; -|, |; 0) 




A(0, 1) 


7r"(i,|)©7r"(-i,|)©37r(0,0) 


7r(0,l)©7r(l,l)©7r(-l,l) 
©37r'(i, i) © 37r'(-i, i) © 47r(0, 0) 








7r(0, 1) © 37r(0, 1) © 27r'(0, 1) 
®67r(0, 0) © 67r'(0, 0) 




A(^ c\\ 


7r(l,l)©7r(-|,|) 
©7r(0, 0) © 27r"(0, 0) 


7r(0,l)©7r(|,i)©7r(-|,i) 

ttiZ/l 1^25 2/ ^ V 2' 2/ ^ V2' 2/ 

©7r'(-|,i)ffi47r(0, 0)ffi27r'(0, 0) 


5(3,1) 


C{2) 


7r"(0, i) © 57r(0, 0) 


7r(0, 1) © 57r(0, i) © 107r(0, 0) 




A{1,0) 


7r(i,i)©7r(-i,i)©37r(0,0) 


7r(0,l)©7r(|,i)©7r(-|,i) 
®37r'(i, i) © 37r'(-|, |) © 47r(0, 0) 



Table 31: s/(l|2) decompositions of the B{m,n) superalgebras of rank 4. 
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g 


SSA 

ILL y 


Decomposition of the 

Til n H in f^Trt" q 1 r^T i7 

1 LLliLlCllildi V CXiL \JL ^ 


Decomposition of the 


C(3) 


A(0,1) 
C{2) 


7r"(|,i)©7r"(-i,i) 
7r"(0,i)©27r"(0,0) 


7r(0, 1) © 7r(l, 1) © 7r(-l, 1) © 7r(0, 0) 
7r(0, 1) © 27r'(0, 1) © 37r(0, 0) 


C(4) 


A{0, 1) 


7r"(|,|)®7r"(-i,i)®27r"(0,0) 


7r(0,l) ©7r(l,l) ©7r(-l,l) 
®27r'(|, i) © 27r'(-|, |) © 47r(0, 0) 




C(2) 


7r"(0,i)®47r"(0,0) 


7r(0,l)®47r'(0,i)® 107r(0,0) 



Table 32: sl{l\2) decompositions of the C(n + 1) superalgebras up to rank 4. 



g 


SSA 
in g 


Decomposition of the 
fundamental of g 


Decomposition of the 
adjoint of g 


D(2,l) 


C{2) 
A{1,0) 


7r"(0,i) ©27r(0,0) 
7r(i,i)®7r(-i,i) 


7r(0, 1) © 27r(0, 1) © 7r(0, 0) 
7r(0, 1) ® 7r(|, \) ® 7r(-|, i) ® 7r(0, 0) 


D{2,2) 


C{2) 


7r"(0, 1) ® 27r(0, 0) ®27r"(0,0) 


7r(0, 1) © 27r(0, i) © 27r'(0, i) 
®47r(0,0) ©47r'(0,0) 




2 C(2) 


27r"(0,i) 


37r(0,l)®7r(0;-|,|;0) 




A{Q, 1) 


7r"(i,i)®7r"(-|,i)®27r(0,0) 


7r(0,l) ©7r(l,l) ©7r(-l,l) 
®27r(i, 1) © 27r(-i, i) © 27r(0, 0) 




A(1,0) 


7r(i,|)©7r(-i,i)©27r"(0,0) 


7r(0,l)©7r(|,i)©7r(-|,i) 
©27r(i,i)©27r(-i,i)©47r(0, 0) 


D{3,1) 


C{2) 


7r"(0,i) ©47r(0,0) 


7r(0, 1) © 47r(0, 1) © 67r(0, 0) 




A(1,0) 


7r(|,i)©7r(-|,i)©27r(0,0) 


7r(0,l)©7r(|,i)©7r(-|,l) 
©27r'(i, 1) © 27r'(-|, 1) © 27r(0, 0) 



Table 33: s/(l|2) decompositions of the D{m,n) superalgebras up to rank 4. 
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SSA 
in g 


Decomposition of the 
adjoint of g 






(a l^mQ^r^—l I'lffiS-Tr^D (W 




A{0, 1) 


7r(0, 1) © 7r(l, i) © 7r(-l, |) © 47r(0, 0) 
®27r'(i, \) © 27r'(-i, i) © 27r'(0, i) 




C(2) 


7r(0,l)©27r(l,l)©27r(-l,l) 
®7r(|,i)©7r(-|,i)©47r(0,0) 


G(3) 


A(1,0) 


7r(^u, ij ty TTi^g, 2J ty vri^ g, 2; tb tt i^g, 
©7r'(-i, i) © 7r'(i, i) © 7r'(-i, i) © 7r(0, 0) 




A{i,oy 


7r(0,l)©7r(|,i)©7r(-|,|) 
®7r'(|,|)®7r'(-|,|)®7r(0,0) 




C{2) 


7r(0,l)©27r(i,i)©27r(-i,i)©7r(0,i) 


D{2,l;a) 


A{1,0) 


7r(0, 1) © 7r(i(2Q; + 1), \) © 7r(-|(2Q; + 1), \) © 7r(0, 0) 




A{l,Qy 


^(0, 1) © <\ (t^) , \) © ^(-i (t^) , \) © ^(0, 0) 




C{2) 


^(0, 1) © A\ (^) , \) © ^(-i (^) , 1) © ^(0, 0) 



Table 34: s/(l|2) decompositions of the exceptional superalgebras. 



Let us remark that for D[2,l]a) from any si(l|2) decomposition one gets the two 

— (X 

others by replacing a by one of the values o;"^, —1 — a, . This corresponds to 

1 + a 

isomorphic versions of the exceptional superalgebra D(2, l\a) (— >). One can check this 
triality-like property, which certainly deserves some developments, by the studying the 
completely odd Dynkin diagram of D{2, 1; a). 
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